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Abstract. In this paper, we consider inverse scattering and inverse boundary 
value problems at sufficiently large and fixed energy for the multidimensional 
^ | relativistic and nonrelativistic Newton equations in a static external electro- 

magnetic field (V,B), V G C 2 , B G C 1 in classical mechanics. Developing 
the approach going back to Gerver- Nadir ashvili 1983's work on an inverse 
problem of mechanics, we obtain, in particular, theorems of uniqueness. 
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1 Introduction 

1.1 Relativistic Newton equation. Consider the Newton-Einstein equation in 
a static electromagnetic field in an open subset Q of M™, n > 2, 

p = -VV(x) + ±B(x)x, 

o 



X 

5-H 



where x = x(t) is a C 1 function with values in Q, p = ^, x = and 
V G C 2 (Cl, R) (i.e. there exists V G C 2 (R n , R) such that V restricted to is 
equal to V), 5 e ^(fl) where T mag iSl) is the family of magnetic fields on 
0, i.e. T mag (n) = {B' G C\Q, A n (R)) \ B' = (B' hk ), £-B' k>l (x) + £-B' i>k (x) + 

■faB'itix) = 0, x G D, i, k, I — 1 . . .n} and A n (M) denotes the space of n x n 
real antisymmetric matrices. 

By HVHc^Q we denote the supremum of the set {|^V(rc)| | x G ft, 
J = Uu-,jn) e (N U {0}) n ,Er=i^ < 2 } and b y \\ B \\a,n we denote the 
supremum of the set {1^-8^(^)1 \ x & Q, i, k — 1 . . .n, j — (ji,--,j n ) G 
(NU{0})»IXij 4 <l} ; 

The equation (1.1) is an equation for x = x(t) and is the equation of 
motion in R n of a relativistic particle of mass m = 1 and charge e = 1 
in an external electromagnetic field described by V and B (see [E] and, for 
example, Section 17 of [LL]). In this equation x is the position of the particle, 
p is its impulse, t is the time and c is the speed of light. 
For the equation (1.1) the energy 



E = c\ll+ l -^ + V(x(t)) (1.2) 
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is an integral of motion. We denote by B c the euclidean open ball whose 
radius is c and whose centre is 0. 

In this paper we consider the equation (1.1) in two situations. We study 
equation (1.1) when 

Q = D where D is a bounded strictly convex in the strong sense , , 
open domain of R™, n > 2, with C 2 boundary. 

And we study equation (1.1) when 

tt = R n and \d£V{x)\ < + \x\)~ a -^, xeR n , n > 2, 

\di*B iik (x)\ < p m+1 (i + \x\y a - l -^\ xew\ { ■ } 

for — 2, \j 2 \ < 1, i,k — 1 . . .n and some a > 1 (here j is the multiindex 
j G (N U {0})™, \j\ = YH=i3i an d are positive real constants). 

For the equation (1.1) under condition (11.31) . we consider boundary data. 
For equation (1.1) under condition fll.4p . we consider scattering data. 

1.2 Boundary data. For the equation (1.1) under condition (11.31) . one can 
prove that at sufficiently large energy E (i.e. E > E(\\V\\c^,d, \\B\\c^,d, D)), 
the solutions x at energy E have the following properties (see Properties 2.1 
and 2.2 in Section 2 and see Section 6): 

for each solution x(t) there are £1,^2 G 1R, ti < t 2 , such that 

x G C 3 ([t 1 ,t 2 \,W l ),x(t 1 ),x(t 2 ) G dD,x(t) G D for t e]t u t 2 [ } (1.5) 

x(sx) ^ x(s 2 ) for st, s 2 G [ti,t 2 ], si ^ s 2 ; 

for any two distinct points qo, q G D, there is one and only one solution 
x(t) = x(t, E, q , q) such that x(0) = q , x(s) = q for some s > 0. 

(1.6) 

Let (go, q) be two distinct points of 3D. By sv,b(E, q , q) we denote the time 
at which x(t, E,q ,q) reaches q from q . By k y t B(E,q ,q) we denote the 
velocity vector x(0, E, q , q). By k VjB (E,q ,q) we denote the velocity vector 
x(s v>B (E,q ,q),E,q ,q). We consider koy iB (E,q ,q), k V:B (E, q , q), q ,q G 
dD, q 7^ q, as the boundary value data. 

Remark 1.1. For q , q G dD, q ^ q, the trajectory of x(t, E, q , q) and 
the trajectory of x(t, E, q, q ) are distinct, in general. 

Note that in the present paper we always assume that the aforementioned 
real constant £?(||V||c!2 )£ ), D), considered as function of 

||^||c 2 ,d an d Il-Bllc 1 ,/?, satisfies 

E(\i, A 2 , D) < E(X' l7 X' 2 , D) if Ai < X[ and A 2 < A 2 , (1.7) 
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for Ai, A 2 , Ai, A' 2 g [0,+oo[. 

1.3 Scattering data. For the equation (1.1) under condition (11.41) . the following 
is valid (see [Y]): for any (t>_, x_) G B c x W 1 , t>_ ^ 0, the equation (1.1) has 
a unique solution x G C 2 (1R, M n ) such that 

x(t) = v-t + x- +y-(t), (1.8) 

where y~(t) — > 0, y~{t) — ► 0, as t — > — oo; in addition for almost any 

(v_,xJ) e b c x m n , v_ ^ o, 

x(t) = v + t + x + + y+(t), (1.9) 

where w + 7^ 0, \v + \ < c, v + = a{v_,xJ), x + = 6(t>_,x_), — * 0, y+(t) — ► 
0, as £ — > +00. 

For an energy E > c 2 , the map 5b : x IR n — > § £ x 1™ (where 
= {v G -B c I |f I = ca/ 1 — (^) 2 }) given by the formulas 

v + = a(t>_, x_), a; + = 6(f_, x_), (1-10) 

is called the scattering map at fixed energy E for the equation (1.1) under 
condition (11.41) . By V(Se) we denote the domain of definition of Se- The 
data a{y_,x_), 6(t>_,x_) for {v_,xJ) G T>(Se) are called the scattering data 
at fixed energy E for the equation (1.1) under condition (11.41) . 

1.4 Inverse scattering and boundary value problems. In the present paper, we 
consider the following inverse boundary value problem at fixed energy for the 
equation (1.1) under condition (11.31) : 

Problem 1 : given k V)B (E, q , q), k y tB (E, q , q) for all q , q G dD, 
go 7^ q, at fixed sufficiently large energy E, find V and B. 

The main results of the present work include the following theorem of unique- 
ness for Problem 1. 

Theorem 1.1. At fixed E > E(\\V\\cp,D) \\B\\c 1 .d, D), the boundary data 
kv,B(E,q ,q), (go,g) G dD x dD, q 7^ q, uniquely determine V,B. 

At fixed E > J5(|| V||ci2 £>, ||£> || c i iZ) , D), the boundary data ko,v,B(E, go, q), 
(go, g) G dD x dD, g 7^ g, uniquely determine V, B. 

Theorem 1.1 follows from Theorem 3.1 given in Section 3. 
In the present paper, we also consider the following inverse scattering 
problem at fixed energy for the equation (1.1) under condition (11.4j) : 

Problem 2 : given Se at fixed energy E, find V and B. 
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The main results of the present work include the following theorem of unique- 
ness for Problem 2. 

Theorem 1.2. Let A G M + and let D be a bounded strictly convex in the 
strong sense open domain of~R n with C 2 boundary. Let Vi,V 2 £ Co(^™'-^)' 
B U B 2 G C^(W l ,A n (R))n^ mag (R n ), maxiWVxWc^D, \\V 2 \\c*,d, \\Bi\\c^d, \\B 2 
Wc-.d) < A, and supp(Vi) U supp(V2) Usupp(5i) U supp(£>2) ^ D. Let S E 
be the scattering map at fixed energy E subordinate to (V^, B^) for \i — 1, 2. 
Then there exists a nonnegative real constant E(X, D) such that for any E > 
E(X,D), (V 1 ,B 1 ) = (V 2 ,B 2 ) if and only if S E = S%. 

Theorem 1.2 follows from Theorem 1.1, (jl.7p and Proposition 2.1 of 
Section 2. 

Remark 1.2. Note that for V G C 2 (M",M), if E < c 2 + sup{V(x) \ x G 
R™} then Se does not determine uniquely V. 

Remark 1.3. Theorems 1.1 and 1.2 give uniqueness results. In this 
paper we do not prove and do not obtain stability results for Problem 1 and 
for Problem 2. 

1.5 Historical remarks. An inverse boundary value problem at fixed energy 
and at high energies was studied in [GN] for the multidimensional nonrela- 
tivistic Newton equation (without magnetic field) in a bounded open strictly 
convex domain. In [GN] results of uniqueness and stability for the inverse 
boundary value problem at fixed energy are derived from results for the 
problem of determining an isotropic Riemannian metric from its hodograph 
(for this geometrical problem, see [MR], [B] and [BG]). 

Novikov [N2] studied inverse scattering for nonrelativistic multidimen- 
sional Newton equation (without magnetic field). Novikov [N2] gave, in par- 
ticular, a connection between the inverse scattering problem at fixed energy 
and Gerver-Nadirashvili's inverse boundary value problem at fixed energy. 
Developing the approach of [GN] and [N2] , the author [ J3] studied an inverse 
boundary problem and inverse scattering problem for the multidimensional 
relativistic Newton equation (without magnetic field) at fixed energy. In [J3] 
results of uniqueness and stability are obtained. 

Inverse scattering at high energies for the relativistic multidimensional 
Newton equation was studied by the author (see [Jl], [J2]). 

As regards analogs of Theorems 1.1, 1.2 and Proposition 2.1 for the 
case B = for nonrelativistic quantum mechanics see [Nl], [NSU], [N3] 
and further references therein. As regards an analog of Theorem 1.2 for the 
case B = for relativistic quantum mechanics see [I]. As regards analogs of 
Theorems 1.1, 1.2 for the case B ^ for nonrelativistic quantum mechanics, 
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see [ER], [NaSulJ] and further references given therein. 

As regards results given in the literature on inverse scattering in quantum 
mechanics at high energy limit see references given in [J2]. 

1.6 Structure of the paper. The paper is organized as follows. In Section 2, we 
give some properties of boundary data and scattering data and we connect 
the inverse scattering problem at fixed energy to the inverse boundary value 
problem at fixed energy. In Section 3, we give, actually, a proof of Theorem 
1.1 (based on Theorem 3.1 formulated in Section 3). Section 4 is devoted to 
the proof of Lemma 3.1 and Theorem 3.1 formulated in Section 3. Section 
5 is devoted to the proof of Lemma 2.1 and Proposition 3.1 formulated in 
Section 2 and in Section 3. Section 6 is devoted to the proof of Properties 
(2.1) and (2.2). In Section 7, we give results similar to Theorems 1.1, 1.2 for 
the nonrelativistic case. 

Acknowledgement. This work was fulfilled in the framework of Ph. D. 
thesis research under the direction of R.G. Novikov. 

2 Scattering data and boundary value data 

2.1 Properties of the boundary value data. Let D be a bounded strictly convex 
open subset of M. n , n > 2, with C 2 boundary. 

At fixed sufficiently large energy E (i.e. E > E(\\V\\c2,d, \\B\\c^,d, D) 
> c 2 + sup^g^, V(x)) solutions x(t) of the equation (1.1) under condition 
(11.31) have the following properties (see Section 6): 

for each solution x(t) there are tx,t 2 € M, t x < t 2 , such that 

x E C 3 ([ti,t 2 ],M n ),x(ti),x(t2) G dD,x(t) G D for t e\t u t 2 [, 

x(s x ) ^ x(s 2 ) for s h s 2 G [h,t 2 ], si ^ s 2 , x(t x ) o A(x(ti)) < (2.1) 

and x(t 2 ) o N(x(t 2 )) > 0, where N(x(ti)) is the unit outward 

normal vector of 3D at x(ti) for i = 1,2; 

for any two points q^, q G D, q ^ q , there is one and only one solution 

x{t) = x(t, E, q , q) such that x(0) = q , x(s) = q for some s > 0; 

x(0, E, g , q) G C l {(D x D)\G, R n ), where G is the diagonal inDxD; 

(2.2) 

where o denotes the usual scalar product on IR n (and where by "x(0, E, q , q) 
e ^((D x D)\G, R n )" we mean that x(0, E, q , q) is the restriction to (D x 
D)\G of a function which belongs to C 1 ((lR n x R n )\A) where A is the diag- 
onal of W ri x R n ). 
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Remark 2.1. If B G C l {D,A n {R)) and B G" T mag [D) (where A„(R) 
denotes the space ofnxn real antisymmetric matrices), then at fixed energy 
E > E( ||V||c 2 ,-D) Il-Bllc 1 ,/), D) solutions x(t) of equation (1.1) under condition 
(11.31) also have properties (2.1), (2.2) (see Section 6). 

We remind that the aforementioned real constant E(\\ V\\c^,d, ||-B||c\d? 
D), considered as function of ||U||c2,d and ||S||ci,d, satisfies ( II. 7j) . In addi- 
tion, real constant i?(||V||c!2,£), HJBUcn^, D) has the following property: for 
any (7 2 continuation V of V on R™, and for any B G C 1 (R n , A n (M)) such 
that B = B on D, one has 

E(\\V\\c*, Dxo , s , \\B\\ci,D X0 , e ,D X0 , e ) - E(\\V\\ C * >D , \\B\\ c i^D), as 0, 

(2.3) 

where D xo £ = {x + (l + e)(x — x ) \ x G D} for any x G D and e > (note 
that -D xo ,e is a bounded, open, strictly convex (in the strong sense) domain 
of R n with C 2 boundary). 

Let E > E(\\V\\c2 )D , ||-B||ci,£), D). Consider the solution x(t, E,q Q ,q) 
from (2.2) for q ,q G D, q ^ q. We define vectors ky, B (E, qo,q) and 
k ,v,B(E,q ,q) by 

k VtB (E,q ,q) = x(s VjB (E, q , q), E, q , q), 
k y, B (E,qo,q) = x(0,E,q o ,q), 

where we define s = sv,b(E, q , q) as the root of the equation 

x(s,E,q ,q) = q, s > 0. 

For q = q G D, we put s VjB (E, q , q) = 0. 
Note that 



\k 0>VjB (E,q ,q)\ = cJ 1 - ( 



E-y(9ol\ 2 

r2 1 



l*v,s(£,go,g)| =cJi-[ 



E-V(q) \ 2 
r-2 ) ) 



(2.4) 



for (q,q )e(DxD)\G. 

Using Properties (2.1) and (2.2), we obtain 

Lemma 2.1. At fixed E > E(\\ VWc^^d, ||-B||c\d> D), we have that 
s V;B (E,q ,q) G C(D x D,R), s V;B (E,q ,q) G ^((D x D)\G,R) and 
k VtB (E,q ,q) e C l ((D x D)\G,R n ). 

We consider k v , B (E,q ,q), k y B (E,q ,q), q ,q G dD, q ^ q as the 
boundary value data. 
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Remark 2.2. Note that if x(t) is solution of (11.11) under condition 
(11.31) . then x(— t) is solution of (jl.ip with B replaced by —B G !F ma g(D) 
under condition ( 11.31) . Hence the following equalities are valid: at fixed E > 
E(\\V\\ 2, D A\B\\ci,v,D), 

k oy<B (E,q ,q) = -k V - B {E,q,q ), (2.5) 
k V:B (E,q ,q) = -k ,v,- B (E,q,q ), (2.6) 
s V:B (E,q ,q) = s v „ B (E,q,q ), (2.7) 

for g , <? G D, q ^ q. 

2.2 Properties of the scattering operator. For equation (1.1) under condition 
(11.41) . the following is valid (see [Y]): for any (v-,X-) G B c x R n , v- ^ 0, 
the equation (1.1) under condition ( 11.41) has a unique solution x G C 2 (R, R n ) 
such that 

x(t) = v_t + x_ +y-(t), (2.8) 

where y-(t) — > 0, y-(t) — > 0, as t — > — oo; in addition for almost any 

(v-,x-) G B c x E n , u_ 7^ 0, 

x(t) =v + t + x+ + y+(t), (2.9) 

where t>+ ^ 0, |t> + | < c, t>+ = a(t>_,x_), s + = 6(t>_,x_), — > 0, 
— > 0, as £ — ► +oo. 

The map S : B c x E n — > £? c x R n given by the formulas 

v + — a(v_, X-), x + = b{v_ 1 x) (2-10) 

is called the scattering map for the equation (1.1) under condition (11.41) . The 
functions a(t>_, x_), fe(t>_, xJ) are called the scattering data for the equation 
(1.1) under condition (11.41) . 

By T>(S) we denote the domain of definition of S; by 7Z{S) we denote the 
range of S (by definition, if (v _, x_) G T>(S), then t>_ ^ and a(t>_, x_) 7^ 0). 

The map 5 has the following simple properties (see [Y]): T>(S) is an 
open set of B c x R™ and Mes((5 c x M. n )\V(S)) = for the Lebesgue measure 
on B c x R n induced by the Lebesgue measure on R" x R"; the map S : 
T>(S) — > 7Z(S) is continuous and preserves the element of volume; for any 
(v,x) G V(S), a(v,x) 2 = v 2 . 

For E > c 2 , the map S restricted to 



T»e = {(v-,xJ) G B c x R" I |v_| 
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is the scattering operator at fixed energy E and is denoted by Se- 

We will use the fact that the map S is uniquely determined by its re- 
striction to M(S) = V(S) H M, where 

M = {{v„,x_) G B c x R n \v„ ^ 0,v_x_ = 0}. 

This observation is based on the fact that if x(t) satisfies (1.1), then x(t + t ) 
also satisfies (1-1) for any to G KL In particular, the map S at fixed energy 
E is uniquely determined by its restriction to M.e(S) = T>(S) fl A4e, where 
M E = Z E nM. 

2.3 Relation between scattering data and boundary value data. Assume that 

V G C 2 (D,R), B G Cp 1 (A A n (R)), B G T mag {D). (2.11) 

We consider equation (1.1) under condition (jl.3p and equation (1.1) under 
condition (11.41) . We shall connect the boundary value data k VB (E,q ,q), 
^o,v,b{E, qo, q) for E > E{\\V\\ *,d, \\B\\c\d,D) and (q,q ) G (dDxdD)\dG, 
to the scattering data a, b. 

Proposition 2.1. Let E > E(\\V\\c^ t Dt \\B\\c l ,D-> D). Under condition 
(12. lip , the following statement is valid: sv,b(E, q , q), ky^[E, q , q), koy t B(E, 
qo,q) given for all (q,qo) G (dD x dD)\dG, are determined uniquely by the 
scattering dataa(v_,x_), b(v-,x_) given for all (t>_,x_) G A4e(S). The con- 
verse statement holds: Sv,B(E,q ,q), k VB (E,q ,q), koy^B(E,q ,q) given for 
all (q, q ) G (dD x dD)\dG, determine uniquely the scattering data a(v_,x), 
b(v-,X-) for all (t>_,x_) G M.e(S). 

Proof of Proposition 2.1. First of all we introduce functions \i T - an d t+ 
dependent on D. 

For (v , x) G M n \{0} x R n , \( v > x ) denotes the nonnegative number of 
points contained in the intersection of dD with the straight line parametrized 
by R — > ~R n , 1 1— > tv+x. As D is a strictly convex open subset of M™, x( v i x ) ^ 
2 for all v,x G M", v ^ 0. 

Let (v,x) G M"\{0} x W 1 . Assume that x( v : x ) > 1- The real r_(w,x) 
denotes the smallest real number t such that t_(v,x)v + x G dD, and the 
real t+(v , x) denotes the greatest real number t such that t+(v, x)v + x G <9.D 
(if x( v ? a; ) = 1 then r_(t>,x) = t+(v,x)). 

Direct statement. Let (go,?) G (<9-D x dD)\dG. Under conditions (12. lip and 
from (2.1) and (2.2), it follows that there exists an unique (t>_, x_) G .Me(S') 
such that 

x(v-,x_) = 2, 

g = x_ + r_(t>_, x_)w_, 

q = b(v-,X-) + r + (a(f_, xJ), b(v~, X-))a(v-, 
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In addition, sv,b(E, g , q) = r + (a(t>_, £_), b(v_, £_)) — T_(t>_, xJ) and k VjB (E, 
g , g) = o(v_, x_) and k y B (E, q , q) = v_. 

Converse statement. Let (f_,x_) G .M.e(S'). Under conditions (12.111) . if 
x_) < 1 then (a(i>_, 6(t> _, #_)) = 
Assume that x(u_,a;_) — 2. Let 

go = x_ + t_(?;_, 

From (2.1) and (2.2) it follows that there is one and only one solution of the 
equation 

k ,v,B(E, q) = v-, qEdD, g ^ g . (2.12) 
We denote by g(t>_,x_) the unique solution of (12.121) . Hence we obtain 

a(v_, x_) = k VjB {E, g , 

&(u_,a:_) = g(w_,x_) - A;y jB ( J E,go,g(t;__,x_))(sy > B( J B,go,g(t;_,x_)) 

+T_(V_,X_)). 

Proposition 2.1 is proved. □ 

For a more complete discussion about connection between scattering 
data and boundary value data, see [N2] considering the nonrelativistic New- 
ton equation (without magnetic field). 



3 Inverse boundary value problem 

In this Section, Problem 1 of Introduction is studied. 

3.1 Notations. For x £ D, and for E > V(x) + c 2 , we define 



rvM x ) = c \ 



c 



g -^>V-i 



At E > E(\\V\\ci,d, \\B\\ci,d,D) fo r Qo, Q £ D x D, q ^ q, we define the 
vectors k v , B {E,q ,q) and k y B {E,q ,q) by 

Kv,B\& , %, q) - — — = — = — 



koy lB (E,q ,q) 



(3.1) 



kg, v,b(E, g , g) 

i \h\,v,B( E m>i)\ 2 
i t 



9 



and k V:B (E,q ,q) = (k VB (E, g , g), . . . , ky B (E, g , g)), k 0jVtB (E, g , q) = ( 
k,Q VB (E, q ,q), . . . , kQ VB (E, g , q)). Note that from ( 12. 4ft . it follows that 

\k VyB (E,q ,q)\=r v , E (q), 
\ko,v,B(E,qo,q)\=r VjE (q ). 

For S G J- mag (D), let !F pat (D,B) be the set of C 1 magnetic potentials 
for the magnetic field B, i.e. 

F pot (D,B) : = {A G C^A^) | 5 i)fe (x) = £-A k (x) - £~ k Mx), x G D, 
i, k = 1 . . . n}. 

(3.3) 

(The set jF pot (.D, 5) is not empty: take, for example, A(x) = — f Q sB(xq + 
s(x — Xq))(x — x )ds, for x G D and some fixed point x of D.) 

3.2 Hamiltonian mechanics. Let A G jF pot (D, 5). The equation (1.1) in .D 
is the Euler-Lagrange equation for the Lagrangian L defined by L(x, x) = 

—c 2 \j\ — 2§ + c _1 A(x) ox — V^(x), a; G B c and x £ D, where o denotes the 
usual scalar product on M™. The Hamiltonian H associated to the Lagrangian 
L by Legendre's transform (with respect to x) is H(P,x) = c 2 (1 + c~ 2 \P— 
c _1 A(x)| 2 ) 1 ^ 2 +V(x) where Pet" and x £ D. Then equation (1.1) in D is 
equivalent to the Hamilton's equation 



P = -f (P,x) 



for P eW\x G D. 

For a solution x(t) of equation (1.1) in D, we define the impulse vector 

P{t) = x ^ + c^A^t)). 



Further for g , q G D, g ^ q, and t G [0, s(E, g , q)], we consider 

Pit, E, g , g) = + c^A^t, £, g , g)), (3.5) 

\x(t,E,q ,q)\ 2 



where x(., E,q ,q) is the solution given by (12.21) . From Maupertuis's prin- 
ciple (see [A]), it follows that if x(t), t G [ti, t 2 ] , is a solution of (11.11) in 
D with energy E, then x(t) is a critical point of the functional A(y) = 
fti [ r v,E{y{t))\y{t) \ + c~ l A{y{t)) o y{t)} dt defined on the set of the functions 
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y G C l ([tx, t 2 ], D), with boundary conditions y(ti) = x(ti) and yit-i) = x(t 2 ). 
Note that for q , q G D, g ^ g, functional A taken along the trajectory 
of the solution x(., E,q ,q) given by (12.21) is equal to the reduced action 
So VAE (qo, q) from g to q at fixed energy E for (13.41) . where 

<j / \ _ / °> if g = g, 

<WWo, ?; | p(S; ^ q) o . (S) ^ go; ^ . f ^ ffj 

(3.6) 

for g , g G -D. 

3.3 Properties of Sq va e at fixed and sufficiently large energy E. The following 
Propositions 3.1, 3.2 give properties of S 0vAE at fixed and sufficiently large 
energy E. 

Proposition 3.1. Let E > E(\\V\\c3,d, \\B\\ c \d,D). The following 
statements are valid: 

S 0v ^ E eC(DxD,R), (3.7) 

5 0w 6C 2 ((DxD)\G,l), (3.8) 
dS 

-J^KC, x) = fc^B^, C, x) + c" 1 Ai(x), (3.9) 

-^(C, x) = -k{ VjB (E, C, x) - c-'MC), (3.10) 

"(C> x) = k C, x) = -^-{E, C, ar), (3.11) 



dQdxj Ox j dC, 

for ((,x) e (D x D)\G, ( = (Ci, ..,Cn), z = (xi, ..,x n ), and i,j = 1.. .n. In 
addition, 

maxd-^-CCxJI.I-^CC^D^M!, (3.12) 

'^- (C ' X)|£ K^' (3 ' 13) 

/or (C,x) G (-D x £>)\<5, C = (Ci, -jCn), x = (xi, ..,x n ), and i,j = 1 . . .n, and 
where Mi and M 2 depend on V, B and D. 

Proposition 3.1 is proved in Section 5. 

Equalities (13.91) and (I3.10p are known formulas of classical Hamiltonian 
mechanics (see Section 46 and further Sections of [A]). 
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Proposition 3.2. Let E > E(\\V\\ c 2 ,Di H-Sllc^D) D). The map vv,b,e '■ 
3D x S n '\ defined by 

vv,b,e((,x) = -T^4f4 1 4> f° r ^> x ) e 9D x D, (3.14) 
\kv,B{E,C,x)\ 

has the following properties: 
vv,b,e e C\dD x D, S n_1 ), 

the map vv,b,e,x '■ 9D — > S™^ 1 , £ i— ► ^v,b,b(C) (3.15) 

C 1 orientation preserving diffeomorphism from 3D onto § r ' 



for x G .D (where we choose the canonical orientation o/§ n_1 and the orien- 
tation of dD given by the canonical orientation of W 1 and the unit outward 
normal vector). 

Proposition 3.2 follows from ffTTTl) . (Ol) and properties (EE]), fl2~2l) . 

Remark 3.1. Taking account of (13.91) and (13.101) . we obtain the following 
formulas: at E > E^VWcp^, \\B\\c^ t D, D), for any x, ( G D, x ^ (, 

B h] (x) = -^(^(E,Cx)-^(EX,x)y (3.16) 

B id (x) = - c (^^^^0- d ^(E,xX)J. (3.17) 

3.4 Results of uniqueness. We denote by Wo,v,b the n — 1 differential form on 
(9.D x .D obtained in the following manner: 

- for x G D, let cu^s.a; be the pull-back of uo by vy^.E.x where ujq 
denotes the canonical orientation form on S n_1 (i.e. a;o(C)(^i, v n-i) — 
det(C, v u .., «„_!), for C G S"- 1 and Vl , ., G T^ 1 ), 

- for (C,x) ^ x D and for any vi, ..,u n _i G T^ iX )(dD x D), 

Wo,V^(C)«)(«l>->Un-l) = ^V,B,x(C)(^(C, a; )( t, l)>- ) cr (C, : r)K-l)), 

where cr : <9D x D — > (C', ^ C'> an d a (Ca:) denotes the derivative 
(linear part) of a at ((,x). 

From smoothness of Vv,b,e, °~ an d h follows that ouq^b is a continuous 
n — 1 form on <9.D x £). 

Now let A G M + and VL,V£ G C 2 (D,M), B h B 2 G Tmagip), such that 
max(||Vi||cV3> ||^||oa,D, ll-SiUc^o, ||-B 2 || c i j£) ) < A. For ll = 1,2, let A M G 
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Let E > E(X, A, D) where E(X, A, D) is defined in flU). Consider (3\ f3 2 
the differential one forms defined on (dD x D)\G by 

n 

^(C,x) = ^^(E,C,a;)^, (3.18) 
j=i 

for (£, x) G (<9-D x D)\G, x = (xi, . . . , x n ) and /i = 1, 2. 

Consider the differential forms <E> on (&D x D)\G and $i on (dD x D)\G 
defined by 

*o(C,s) = -(-l)^(^ 2 -^ 1 )(C,x)Ad c (5 0v2 , A2 , j; -«S 0viiAiiJ; )(C,x) 

A £ W5o,, Al , B ((^)) ? AW\, A2iE ((^)) 9 , (3.19) 

p+g=n— 2 

for (C, x) G x D)\G, where d = + d x , 

*i(C,s) = -(-1)t [i9 1 (C,a;)A(dd c 5bv,.A 1 . B (C^)) n " 1 

+/? 2 (C, x) A (^ c <V 2iA2jiS (C, x))"- 1 - ^(C, x) (3.20) 
Af^^^Cx))"- 1 -/5 2 (C,x) A (^\,A llB (C^)) n ~ 1 ] , 

for ((, x) G (dD x D)\G, where d = + o^. 

Consider the C 2 map mcl : (dD x dD)\dG -> (9D x (C,x) i-> 

From (E3D, fl3~l2l) and fl3~T3l) . it follows that $ is continuous on (dD x 
D)\G and md*($o) is integrable on dD x 9/} and <3?i is continuous on (dD x 
D)\G and integrable on <9.D x D (where mc/*($o) is the pull-back of the 
differential form $ by the inclusion map incl). 

Lemma 3.1. Let A G K + and E > E(\, A, D). Let V U V 2 G C 2 (D,R), 
Bi,B 2 G T mag (D) such that max(||'Vi|| C 3,£», H^Hc^d, ||-Bi||ci,d, \\B 2 \\c\d) < 
A. For fi = 1, 2, let G T vot (D, B^). The following equalities are valid: 

[ incl*(%) = [ $ i; (3.21) 

JdDxdD JdDxD 

(r VuE (x) n uj y uBl ((,x) + r V2yE (x) n uj y 2)B2 ((,x) 

-k Vl)Bl (E, C, x) o k V2> B 2 (E, C, x) (3.22) 
x (r VuE (x) n ~ 2 uj y uBl ((,x) + r V2 , E (x) n - 2 
Xuj o,v 2 ,b 2 ((, x))) A dxi A .. A dx n , 
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for (C,x) G dD x D. 

Equality ( 13. 2 1 p follows from regularization and Stokes' formula. Proof 
of Lemma 3.1 is given in Section 4. 

Taking account of Lemma 3.1, Proposition 3.2 and Remark 3.1, we obtain 
the following Theorem of uniqueness. 

Theorem 3.1. Let A G M + and E > E(X, A, D). Let V u V 2 G C 2 (D, R), 
B 1 ,B 2 G T mag (p) such that max(|| Vi|| C 2 D , ||V2||c 2 ,d, H-BiIIc^d, ||-B 2 || c i >i? ) < 
A. For fi = 1, 2, let A M G T po t{D, B^). The following estimate is valid: 

/ (r Vl:E (x) - r V2jE (x)) {rv^xf- 1 - ry^x)™" 1 ) dx < 
Jd 

t(-) r 

57 2 n , / incl*(%). (3.23) 
27T2 (n - 1)! J dDxdD 

In addition, the following statements are valid: 

if k Vl Bl (E, (, x) = ky 2jB2 (E, (, x) for (, x G dD, ( ^ x, then V\ = V 2 and 
Bi = B 2 on D; if k y uBl (E, (,_x) = k Q y 2iB2 (E,(,x) for (,x G dD, ( ^ x, 
then V\ = V 2 and B\ = B 2 on D. 

Proof of Theorem 3.1 is given in Section 4. 

If By = 0, B 2 = and V±, V 2 , and D are smoother than C 2 , then Lemma 
3.1 and Theorem 3.1 follow from results of [B] and [GN]. 



4 Proof of Theorem 3.1 and Lemma 3.1 

Using Lemma 2.1, (12. 4p . Propositions 3.1, 3.2 and Lemma 3.1, we first prove 
Theorem 3.1. 

Proof of Theorem 3.1. From (13.221) and Proposition 3.2 and definition of 
^o,v%,b m , /j. = 1,2, it follows that 



1 



(ri- 1 ! 



$i = (4.1) 

dDxD 



( sn [ A . W ok v ^ B2 (E,Ci, x {w),x) \ 

rviMx) / 1 H ; da(w)dx 

d 7s«-i V r v u E\x) J 

+ I ry^xT [ (l + h&^l^l^) Mw)dx , 
Jd J§n-i V r V2tE (x) J 

where da is the canonical measure on S n_1 , and where o denotes the usual 
scalar product on M n , and where for x G D and w G S n_1 and fi = 1,2, 
Cn,x{ w ) denotes the unique point ( of dD such that w = vv P ,,B tl ,E,x{.C)- Hence 
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using Cauchy-Bunyakovski-Schwarz inequality and (13.21) and the equality 

n 

/ s „-i da(w) = |pry, we obtain 

1 f 2vrf f 

7 ttt / $i > r—— Kr VuE (x) - r V2)E (x)){r Vl)E (x) n - r V2)E {x) n )dx. 

[n — 1J! JdDxD 1 V2) Jd 

(4.2) 

Estimate g2D and equality (ESQ) prove f[3T23l) . 

Now assume that fcy^s^-E, Cj x ) = ^v 2 ,b 2 (E,(,x) for £,£ G <9-D, ( ^ x. 
Then from (13 .ip and (I3.18p . it follows that the one form incl*(f3 2 — f3 l )((,x) 
is null for any (, x E <9-D, ( 7^ x. Hence from (I3.19p . it follows that the 2n — 2 
form incl*($ )((,x) is null for any (,x G <9.D, ( / 1. Thus using (13.231) . we 
obtain /^(^^(a;) — rv 2i £(x))(ry li £;(a;) n ~ 1 — Ty 2 ,s(a ; ) n ~ 1 )^a ; < 0, and as n > 2, 
this latter inequality implies that 

rv u E = r V2 ,E on D. (4.3) 

Thus Vi = v 2 . 

Using (14. 3 p and the equality Ifcy^s^-E 1 , C> x )l = ^v^-eO^) for i = 1,2, x E D 
and C G <9-D, and using (14.11) . we obtain that 

\n — iy.j dDxD 1 ~{Jd Js™- 1 

-k V2i B 2 (E, Q )X (w)iX)\ da(w)dx. 

As f dDxD .&i = (due to (13.211) ). we obtain that for any x £ D, and any 
io G § n_1 , A;y ljBl (E,Ci iX (u;),x) = k V2)B2 (E, d )X (w), x). At fixed x & D, we 
know that £i )a; is onto <9.D. Hence the following equality is valid 

k VljBl {E,(,x) = k V2 , B2 (E,(,x), (EdD, xED. (4.4) 

From g3D and (l3~T6|) . it follows that B 1 = B 2 onD. 

Now assume that fco^B^-E, C, ^) — koy 2t B 2 (E, (, x) for x E dD, ( 7^ x. 
Then using (12. 5p and replacing Bi by — Bi, i = 1,2, in the proof, we obtain 

(F 1 ,s 1 ) = (y 2 ,s 2 ). ' □ 

Using Lemma 2.1, (12.41) . Propositions 3.1, 3.2, we prove Lemma 3.1. 

Proof of Lemma 3.1. We first prove (I3.22p . Let U be an open subset of W 1 ^ 1 
and (j) : U — > dD such that is a C 2 parametrization of dD. Let O : U x D — ► 
<9.D x _D, (£, x) 1— > (0(C), x). We work in coordinates given by (U x D, O )- Let 
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fi, fj,' = 1,2. On one hand from definition of Uo t y b„, definition of Uy - Bu,e,x 
and (13.21) . we obtain 

Voy^BriCx) A dx\ A ... A dx n = {-l) n r v ^ E {x)- n (4.5) 

xdet {k v ^{E, C, ^f 1 ^ C, • • • , ^7^' C> *)) 
d(i A ... A cf£ n _i A dxi A ... A dx n 

for C G U and x E D and /i = 1, 2. 

On the other hand straightforward calculations give (dd^S$ v ^ A x) = 

/^'(C,x) A (d^^(C,J ! )r 1 = {-l) {J ^^{n - 1)! (4.6) 

xdet (/,.,,, (E, C, x), ,),..., (C, x) 

<i(j A ... A G?Cn-i A c?Xi A ... A dx n , 

for ( G f/, 1 G -D. Note that due to (13. 2ft and Proposition 3.2, kv^,B^(E, £, x) 
is orthogonal to -^^kv^B^E, C,x), m — 1 . . .n — 1, and that (fcy Mi s M (_E, £, x), 

■^kv^B^EXiX), • • • , g^-^y M ,B M (^,C,2;)) is a basis of IR n . Hence from 013]), 
(fa and O, we obtain 

^'(C,x) A (^^^((.x))- 1 = -(-l)^(n- 1)!tv^(x)» (4.7) 



-^o,v„,b m (C, x) A daci A . . . A <£r r , 



for C G C/, x G D. Definition (jCTjl and equality (S2D proves (E22J). 

We sketch the proof of (13.211) . Let e g]0, 1[ and x G -D. We consider 

D £ = {x + e(x - x ) I x G D}. (4.8) 

As D is a strictly convex (in the strong sense) open domain of IR n , with C 2 
boundary, it follows that D £ is also a strictly convex (in the strong sense) 
open domain of M n , with C 2 boundary, and in addition, as < e < 1, 

D £ C D, (4.9) 
dist(dD, dD £ ) = (1 - e)dist{dD, x ). (4.10) 

where dist(dD,dD £ ) = infjjx — j/| | x G -D e , y G <9.D} and dist(dD,xo) = 
mf{\y — x \ \ y E dD} > 0. 
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For M. and M two finite-dimensional oriented C 2 manifold (with or 
without boundary), we consider on M. x Af the differential product structure 
induced by the already given differential structures of M. and M and we 
consider the orientation of M. x TV given by the already fixed orientation of 
A4 and of A/". The orientation of dD e is given by the unit outward normal 
vector and dD x D £ is a C 2 manifold with boundary dD x dD £ (which 
is a C 2 manifold without boundary). Let incl £ E C 2 {dD x dD £ ,dD x D £ ) 
be defined by incl £ ((,x) = ((,x), ((,x) E dD x <9-D e . Here we omit the 
details of the proof of the following statement: / 9Dx £, $1 — > JgoxD ^ 1 anc ^ 
IdDxdD ^cZ*($o) IdDxdD ^ nc ^* (^o) as e — > 1~. These statements follow 
from (jtejl . (13T3D and (OH]). We shall prove that 

/ $1= / ind*($ ). (4.11) 

JdDxD £ JdDxdD E 

For /i = 1,2, let <S 0fi e C 2 ((R n x_R")\{(x, ar) | x G R n },R) such that 
S „{(,x) = S 0v ^ E ((,x), {C,x) E(Dx D)\G (from (ESJ), it follows that 
such a function So exists). Let 5 £ = dist(dD,dD £ ). Let be the open 

subset dD + 5(0, = {x + y \ x E dD, y E R™, |y| < f } and let W 2 ,<5 E be 
the open subset D £ + B(0, ^) = {x + y \ x E D £ , y E R", \y\ < f}. Note that 
Wi } s E is an open neighborhood of dD which does not intersect W2,s e which 
is an open neighborhood of D £ . Hence Sq^ E C 2 (Wi t $ e x H^^R) and there 
exists a sequence of functions (<So M , m ) such that 

(4.12) 

0, asm-> +oo. (4.13) 

Fix m E N. Let \x = 1,2. We define the differential one-form, on 
(d£> x Z) £ ) by 

1 n 

for (£, x) G (9.D x D £ and x = (x\, . . . , x n ) and A M (x) = (A* (x), . . . , A"(x)) 
and where c? = + dj is the De Rham differential operator on dD x D £ . 
We define the continuous differential 2n — 2 form $o,m on <9.D x D £ by 

A £ (^ c 5o lim (C,x)) p A(^ c 5o 2im (C,x))", (4.15) 

p+q=n— 2 



,9 |a| (5b 



x W 2i4 



sup 

(x,y)£dDxD s 
a — (ai ,a2)€N^ 
la | — cki + a 2 — ^ 



dx ai dy, 



<>2 
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for £ G dD, x G D e , where d = d^+d x is the De Rham differential operator on 
dD x D £ . We define the continuous differential 2n — 1 form $x m on <9.D x D e 
by 

$ lim (C,x) = -(-l)^[/t(C,*)A(dc^, m (C,a:)) n - 1 +/^(C,a:) 
A^JCx))- 1 -/!(<» A (^.JCx))- 1 
-^(C^A^o^CC^r 1 ], (4-16) 

for G 9.D x D e . 

From fl414l) - fHl6D . CT) . fICTD . it follows that 



$i,m ->• / $i, asm-> +oo, (4.17) 

8DxD £ JdDxD E 

/ mc/*($ , m ) — > / mc/*($ ), asm-4 +oo. (4.18) 

JdDxdD £ JdDxdD £ 

If we prove that j dDxD£ $i, m = J dDxdD£ incl*($ ,m), then formula (14. lip will 
follow from (jQ7jl and^glHl). 
From (jQ21) . it follows that 

dd c S 0fim is a C 1 form on dD x D £ , (4.19) 
d(dd c S Qfli J = 0, (4.20) 

where d is the De Rham differential operator on dD x D £ . From (14.1411 . it 
follows that 

dPMCx) = -dd c <V m (C,x) ~\ J2 B Lh( x ) dx h^dx h , (4.21) 

l<ji<j2<n 

for (£, a?) G <9-D x Z) e and x = (x±, . . . , x n ) (B^^x) denotes the elements of 
Bpix)). From (Ogi) - (OTl) . it follows that $ 0>m is C 1 on <9L> x D £ and that 

d$o, m (C, x) = (-l) 71 - 1 ^!^^, x) + w(C, a;), (4.22) 

w(C,i) = (-1)™^ - ^iiA^))^ A dx n 

i<ii<j2<« 

Ad c («So 2im -«s 0l , m )(c^)A £ (dd c s 0l , m ((,x)yA(dd c s 02 , m ((,x)y, 

p+q=n—2 

for (£, x) G (9-D x Z) e and x = (xi, . . . ,x n ). Note that as £> M , /i = 1,2, is 
continuously differentiable on D, then the 2-form defined on dD x D £ by 
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^i<h<j2<n( B nJ 2 ( x ) - B h,d x )) dx h A dx h> iC,x) G 3D x D £ is also C 1 . 
Note that (D e is a n-dimensional C 2 manifold and (14.201) ) 

uj{(,x) = dCo{(,x), (4.23) 

where 

l<7i<?2<n 

dx h Adx h h Yl (^A.jC^fAl^o.jCa:)) 5 , (4-24) 

p+g=n— 2 

for (£, x) G <9.D x Z) e and x = (xi, . . . , x n ). Since <9-D e is a (n — l)-dimensional 
C 2 manifold, it follows that 

ind*ui(C, x) = (4.25) 

for (C,x) G 3D x dD £ . Using (Q2jl . (IQ3]) . (1QH]) . we obtain by Stokes' 
formula the equality f dDxD $i, m = f dDxdDE mc/*($ ,m)- □ 



5 Proof of Lemma 2.1 and Proposition 3.1 

5.1 Continuation of(V,B) and notations. Let V G C 2 (lR n ,R) be such that 
V = V on D and ||F||c2,k- < oo. Let 5 G C 1 (R", A n (M)) (where A n (R) 
denotes the space of real antisymmetric matrices) such that B = B on D 
and Il-Bllc* 1 ,^™ < 00 • Let ip be the flow for the differential system 

x=—L=, (5.1) 
1 + g 



p = -VV r (ar) + ^ 



1 + % 

for x G M n and p £ R" (it means that a solution of ( 15. ip . (x(i),p(£)), £ G 
which passes through (xo,Po) £ i" x 1" at time i = 0, is written as 
(x(t),p(t)) = i[)(t,x ,p ) for t €]£_,£+[)• For equation (15.11) . the energy 



E = c ^l±M)l + nm ,5.2) 



is an integral of motion. 
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Under the conditions on V and B, ip is defined on 1 x M" x R n and 
^6C 1 (txK n x R n , R n x R n ), and a solution x(t), t e]t_, t+[, of ([HI]) which 
starts at go ^ at time with velocity v is written as x(t) = if>i(t, x, 



v 7 ^ 



2 /) 

72" 



t e]t_,t+[ (we write ip = {tpi,ip 2 ) where V» = • • • i") e x R n x 

R n ,R"), i = 1,2). 

For dgK™ and x G R n , we define the vector F(x, v) of R n by 



1 ^ 



= -VV(x) + -B(x)v. 



(5.3) 



For and i? > c 2 + V(x), we denote by Ty E [x) the positive real number 



r v,E\ x ) ~ c 



\ 



E - V(x) 



(5.4) 



and we denote by S™ B the following sphere of R n of center 



^ = {peR n \\p\ = r v Jx)}. 



(5.5) 



5.2 Growth estimates for a function g. Consider the function g : R ra — > B c 
defined by 

x 

00*0 = / ( 5 - 6 ) 

where x G R n . This function was considered for example in [Jl]. 
We remind that g has the following simple properties: 

|V^(x)| 2 < — Lp (5.7) 
\g(x)-g(y)\ < Vn sup — =\x - y\, (5.8) 

££[0,1] . \ _|_ |ea:+(l-g)yr 



3-v/u 1 
|V^(x) - Vpi(j/)| < sup- __— _|a:-2/|, (5.9) 

C B6 [0,l] 1 + 1 +( c2 m 

for x, y G R n , z = 1 . . . n, and g = (gi, . . . , # n ). The function g is an infinitely 
smooth diffeomorphism from R n onto _B C , and its inverse is given by g~ x {x) = 
i x for x G -B c . 
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5.3 Proof of Lemma 2.1. For q Q ,q G D, q ^ q, let t +A0 ^ q = sup{t > 
| ipi(t,q ,k y t B{E,qo,q))& D}. From Properties (2.1) and (2.2), it fol- 
lows that koys(E, ., .) is continuous on (D x D)\G and for q ,q G D, 
q ^ q, and any s 1; s 2 G [0,t +>qo>q [, Si 7^ s 2 , Vi(*i> ?o, hy B {E, ?o, ?)) 7^ 
^i(s2,9o, k ,vA E i Qo,q)) and iV(g+) o ji^t^a, k y B (E,q ,q)) lt=t+qoq is 
positive, where g + = ipi(t +tqo ^,q ,k y tB (E,q ,q)) (and where o denotes the 
usual scalar product on R n ). Using also continuity of tpi, one obtains that 
sv, B (E,q ,q) is continuous on (D x D)\G. Then we obtain that sv, B (E,q , 
q) G C 1 ((Z) x D)\G, R) by applying implicit function theorem on maps 
m«:lx ((R™ x R")\A), (t,x,y) -> jfc- x,k 0>VjB (E, x, y)), i = l...n, 
where A = {(x,x) | x G R™} and k y B (E, ., .) is a C 1 continuation of 
koy B (E, ., .) on (R™ x R n )\A (such a continuation exists thanks to (2.2), 
and note that for any q ,q G D, q 7^ g , ky !B (E,q ,q) 7^ 0). Note that 
k VtB (E,q ,q) = g(^ 2 (sv,B(E, q , q), q ,k y,B(E, go,?))), q ,q G D, q ^ q.lt 
remains to prove that Sv,B(E,q ,q) is continuous on G = {(q',q') \ q' G D}. 
Let qo = q <E D. Let (go,m) and (q m ) be two sequences of points of D such 
that g ,m 7^ <?o f° r all m and g ,m goes to q and g m goes to q = q as 
m — > +00. Let i? = limsup m ^ +oc s v , B (E, go,m, 9m) £ [0, +00]. We shall 
prove that R — 0. Assume that i? > 0. Note that by conservation of en- 



ergy |fc 0l y,s(-E, qo, m ,q m )\ < c y ( £+l J llo ° ) _ !■ Using definition of i? and 

compactness of the closed ball of R™ whose radius is c^J (j^p^ j — 1 and 

whose centre is 0, we obtain that there exist subsequences of g ,m and q m 
(respectively still denoted by go,m and q m ) such that 

lim s v , B (E,q . m ,q m ) = R, (5.10) 

m— >+oo 

ko,v,B(E,qo tm ,q m ) converges to some k G R n . (5-H) 
Using conservation of energy, we obtain that 



(5.12) 




Using (15. lip and (I5.1(jp and continuity of ipi, we obtain that 
ipi(t,q ,k) = lim tpi(t, go,m, ^o,v,b(E, ^Cm, Qm))-, f° r all t G [0, (5.13) 

m— H-oo 

For all m an d £ G [0, s v ,b{E, q , m , q m )[, i[>i(t, q , m , k Q y B {E, q , m , q m )) € D. 
Hence using (I5.13p . we obtain that 

ipi(t,q ,k) e D, te [0,R[. (5.14) 
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In addition, 

M0,%,k) = q eD. (5.15) 

Then R ^ +00 (otherwise this would contradict fl2.ll) . in particular the fact 
that the solution of ( 11 .11) under condition (11.31) with energy E, which starts 
at time at go = ^i(0, go, k), reaches the boundary 3D at a time t+ > and 
satisfies the estimate ^-(t + , q , k) o N(tp 1 (t + , q , k)) > 0) . 

Using continuity of ipt and lim m ^ +oc g ,m = go, lim m ^ +00 q m = g , 
lim m ^ +00 s VjB (E, q 0>m , q m ) = R, lim m ^ +00 k 0jV>B (E, q 0>m , q m ) = k and the def- 
inition of sv,b(E, qo,m, qm), we obtain that 

ipi(R, q ,k) = lim ipi(s Vt B(E,qo t m,qm),qo,koy tB (E,q , m ,q m )) 

= lim q m = q . (5.16) 

m— »+oo 

Properties ( 15. 16ft . ( 15.151) . ( 15. 14ft and ( 12.11) imply R = 0, which contradicts the 
assumption R > 0. Finally we proved that sv,b{E, ., .) G C((D x D)\dG, R). 

Let Xo G .D. From (12.31) . it follows that for sufficiently small positive 
e, ,5 is greater than £?(||V'||ca,£> 1 , ,., \\B\\c\D X0>e , D xo>e ) where D xo>e = {x + 
(1 + e)(x — Xq) I x G D}. Hence one obtains that solutions of energy E for 
equation (15.11) in D XQjE also have properties ( 12.1ft and (12.21) ; and replacing V, 
5, and Z) by V, B and -D X0]£ above in the proof, one obtains that s v B (E, ., .) 
is continuous on (D Xo>E x D XOjS )\{(q, q) \ q G d-D^e} (sy B (E^ q' , q'), (g , q') G 
-Dice x D XOiE , are defined as syB(E,q ,q), (qo,q) E D x D, are defined in 
Subsection 2.1). Now, using also D C -Da; 0ie and the equality sv,B(E,q ,q) = 
s v B (E,q ,q) for g , Q G -D, one obtains sv,b(E, ., .) G C(D x Z?,R) (the 
equality SyB(E,q ,q) = s v B (E,q ,q) for g , g G D, follows from the fact 
that if (x(t),p(t)) is solution of ( 15. ip in D, then (x(t),p(t)) is also solution 
of (JEH) in D^). 

Lemma 2.1 is proved. □ 

5 .4 Proof of Proposition 3. 1. From Lemma 2.1, ^ G C^Rx W 1 xR n , R n xR n ), 
A G C^D, M n ), it follows that S 0vA E G C(D x D, R) and S 0v , A , B G (7 X ((5 x 
D)\G, R). Equalities (13.91) and (I3.10P are known equalities (see Section 46 
and further Sections of [A]). Statements (JS2D, (13~TT|) . fl3~T2l fohow from fjp]) 
and (13.101) . We shall prove (I3.13p . We omit indices y iB for sy jB , /co,v,b an d ky B 
where k , k are defined by (13.11) . Using the equality y — x = J^ E ' x,y > ^-(t, x, 
ko(E,x,y))dt and estimate \-§f(t, x, ko(E, x, y))\ < c, we obtain 

\y — x\ < cs(E, x, y), for all x,y G D, y 7^ x. (5-17) 

Derivating equality ipi(s(E,x,y),x,ko(E,x,y)) = y with respect to yi, we 



22 



obtain that 



ds dipi 7/7-, 

+ ~dy Xl V '~ds^ X) V ' lX) ^ X ' V ''' 

for any x,y G D, x 7^ y and where (ei,...,e n ) is the canonical basis of 
M n (and where o denotes the usual scalar product on IR ra ). For i 6 E, 1 6 
D, and k G M n and j = l..n the following equality is valid: ip{(t,x,k) = 
Xj + tgj(k)+ Jq [gj(k + J Q S F(V»i_(<7, x, k),g(ip 2 (v, x, k)))da) - g^k)] ds. Hence 
we obtain that for £ G R, s G D, k = (ki, . . . , k n ) G K n , and j = l..n, 



1 r % 



(7c + / F(ipi(a, x, k),g{il)2{cr,x, k))) 

oh J 



ds + Vgj(k+ / F(ip 1 (a,x,k),g(ip 2 ((T,x,k)))d(T) 







/o 

for any Z = l..n. Define 



gM)\(a,x,k)dcrds, 



(5.19) 



i? = sup s(E,x',y' 

(x',y')eD 



sup 

tE{0,R],x'eD,l=l...n 



d 

|— Ftyx,g{fo))\w,k)\, 



ifci<< 



supjcn E-V(ar') 



M 4 = max(M 3 , v^IIc^d + n||£|| c i iD ). 
Then using (15.191) and growth properties of g, we obtain that 

L f s{E, x, y),x, k (E, x,yj) — s(E, x, y)—-^-(k (E, x,y))\ 



1 dk L 

<M±s(E,x,y) 2 (l + 



dk. 



(5.20) 



for x, y G D, x 7^ y and j, I = l..n. where k is defined by (13. ip . 
Let x,y G D, x 7^ y. Using the identity 

p.s(E,x,y) 

k(E, x, y) = ko(E, x,y)+ / (-W(V>i(s, 2, fc (£, x, y))) 



+ -B{^x{s,x, k (E,x,y)))g(i/j 2 (s,x,k (E,x,y))) ) ds, 
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we obtain the following estimate 

\k{E, x, y) - k {E, x,y)\< M 5 s(E, x, y), (5.21) 
where M 5 = v^||^l|c 2 ,z> + Hl-^llc 1 ,^- Using i \3.2L we obtain that 



k (E,x,y) o ?h.(E,x,y) = )~^-{E,x,y) = 0, 

for i = l..n. From (ET2I1) and (E22D, it follows that 

1 



(5.22) 



k(E,x,y) dk 

o — (E,x,y)\ < 



\k(E,x,y)\ dyi 



\k(E,x,y)\ 



\(k(E,x } y)-k (E } 



< c 



mf x , eB E-V(x') 



dk 

\k (E,x,y) o —(E,x,y)\ 
,dk , 



I ) M 5 s(E,x,y)\-^(E,x,y)\, (5.23) 



for i = l..n. 



Let (v 1 , . . . , v n x ) be an orthonormal family of R" such that ( ||^'^'^)| ? yl i 
, v n ~ l ) is an orthonormal basis of ~R n . Note that using definition of g and 



(I5.22p . we obtain 



dkn 



(Vgj(k (E, x, y)) o — (£, y)) j= i.. n 



1 + 



|fc (£,x,y)| : 



2\ -1/2 



(5.24) 



<%0 



(E,x,y), i = l..n. 



Hence using ( 15T24D . (I5T201) and (OBI) (and k(E,x,y) o v h = 0), we obtain 



s(£,a;,y)|^(£,x,y)oi;' l | = 
x|(Vft-(A;o(-B,a;,y)) o -^-(E,x,y)) j=1 .. n o v h \ 



\k {E,x,y)\ 2 
1 H s(E, x, y) 



< \ 1 + 



|A; (#,:r,y)p 



s 2 3 N , dk 



nM 4S (E,x,yY(l + -)\-^(E,x,y)\ 
c dyi 



+ \(-g^-(s(E,x,y),x,k (E,x,y)) o — (E, x, y)) j= i.. n ° v h 



\k {E,x,y)\< 



< 



1 + 



nM 4 s(E,x,y) 2 (l + -)\J^(E,x,y)\ + \v[ 



c dyi 
dk 
dyi 



3 dk 
(nM 4 (l + -) S (^,x, 2 /) 2 | ir ^(E,x,y)| + 1), (5.25) 

c 
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_ _L 

for i = l...n. Let M 6 = cr 1 ({c~ 2 mf x , eB (E - V{x'))f - l) 2 M 5 + c" 2 x 
sup x , eS (£ - V{x')){nM 4 (l + ~) + 1). From (RT25jl and (E2S), it follows that 

S (£,x,y)|^(£,x,y)| < y/^M 6 (l + S {E,x,y)( S (E,x,y)\j^{E,x,y)\)), 

(5.26) 

for z = 1 . . . n. 

Using uniform continuity of s(E,.,.) on D x D, we obtain that there 
exists some rj > such that if x, y G D, \x — y\ < rj, then ^/nM G s(E, x, y) < 
77. Then, using flSjSU), we obtain that s(E,x,y)\^(E,x,y)\ < 2^/EM 6 , for 
x,y G -D, — y| < 77 and i = l..n. Now using the continuous differentiability 
of k Q {E,.,.) on (D x D)\G, we obtain that \^{E,x,y)\ < for x,y G 

D, x ^ y and where M t - = max(2M 6 ^^sup a ., ye£)i | a .,_ ?/ ,|> r; |^(J5, z, y)|). 
Putting M 2 = sup i=l n cM 4 ' and using (15.171) and (13. lip , we obtain (13. 13H . □ 



6 Proof of Properties (2.1) and (2.2) 

In this Section we first consider solutions x(t) of (15.11) in an open bounded 
subset Q of M. n (see Subsection 6.1) and we give properties of these solutions 
at fixed and sufficiently large energy (see Subsections 6.3 and 6.4) (fl should 
be thought as an open neighborhood of D). Using these properties we prove 
Properties 2.1 and 2.2 (see Subsection 6.5). Subsections 6.6, 6.7, 6.8, 6.9 are 
devoted to the proof of Propositions 6.1, 6.2, 6.3, 6.4 formulated in Subsection 
6.4. 

We keep notations of Subsections 5.1, 5.2. 

6.1 Additional notations. Let Q be a bounded open subset of M. n with frontier 
dQ. We define a positive number 5(Q) by 

5(0) = sup|x|. (6.1) 
We consider the following equation in Q : 

p = F{x, x), p = X =, x G Q, p G R". (6.2) 

where the force F(x,x) = — W(x) + ^B(x)x is defined by (15. 3p . For the 
equation (16. 2p . the energy E = c 2 \J +V(x(t)) is an integral of motion. 
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Note that if x(t), t G]t_, t + [, is a solution of (I6.2p which starts at Xq G f2 
at time with velocity t> then x(t) = ipi(t, x , g _1 (i;)), t G]i_,i + [, where 
the function g is defined by (15.61) and where ip = (^1,^2) is the flow of the 
differential system (15.11) . We obtain, in particular, x(t) — > ipi(t±, xo, g -1 ^)), 
as t — > t±, and — > g(ip2(t±, xq, g -1 ^))), as t — > t±. 

We denote by A the open subset of R x Q x R n where the flow of the 
differential system (16. 2p is defined, i.e. 

A = {(t,x,p) g R x tl x R n I Vs g [o,t] e tt}, 

where ^ = (^1,^2) is the flow of the differential system (15. ip . 

For E > c 2 + sup x( z Q V(x), we denote by Ve the following smooth In — 1- 
dimensional submanifold of R 2ri 



V B = {(x,p) eQxW 1 \\ P \ 



V,E 



(6.3) 



where r v E (x) is defined by (15.41) . 

For E > c 2 + swp xeU V(x), we also consider the map <£e G C 1 (A fl 
(]0, +oo[xV E ),nxn), defined by 



(p E (t,x,p) = (x,ipi(t,x,p)), for (t,x,p) G An (]0, +oo[xVi?) 



(6.4) 



6.2 Estimates for the force F . We define the nonnegative real number (3(V, B, 
ft) by 



( 



P(V,B,Q) = max 



sup \d^V(x)\, sup \d% B itj (x] 

ag(NU{0}) n a'6(NU{0})" 
H<2 |o'|<l 



\ 

I 

/ 



(6.5) 



The following estimates are valid: 



\F(x,v)\ <nf3(V,B,n)(-\v\ + l), 

c 



(6.6) 



\F(x, v) — F(x', v')\ <np(V,B,n) 



h s , WW 1, , 
\x — x I I 1 H H — \v — v\ 

c c 



(6.7) 



for x, x' G ft and v, v' G R n . 
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6.3 Some constants. For x G f2 and E > c 2 + sup x , en V(x'), we define the 
following real constants 

d = 2c 2 + sup I V(x') + 8|x'| I |VVV)| + y I^<jV)I I I . (6-8) 

^ V V win ' // 

2 / 800n 2 /?(y,5,fi) 2 5(fi) 2 , , 

C 2 = c 2 \l + MV - . ' ; V ; + supV(x'), (6.9) 

V c 4 x / e ^ 

C 3 = C 4 (1 + 55(fi)C 5 e 5 ^ c;5 ) (6.10) 
= / lOy^n 3 / 2 ^)/^, g, Q) \ 

4 V n-'-) ; 

x lOn 3 / 2 ^) 2 /^,^) / 600n 3 / 2 cHlW,^) 24n i/ 2 N 

s-y(x) \ £;-t/(x) 

20V2n 2 5(n)/3(V, B, Q.) ^ov^m^m^M 4Qn z ' 2 8(Sl)f3(V , B, SI) 

e E - vix) + ^4^) -i ' 

V ^-^) / 

^ 20n^ 2 (3{V,B,Q)5{Q) ( I20n 3 / 2 (3{V, B, Q)5{Q) \ 
E-V(x) \ E-V(x) J' 



C, = M [,/!-( C ! V- , (6 . 13 ) 



£ - V(x') J E- V(x') J 



c 2 \ 2 hc(n+\yi 2 n 2 5(n) 



— 3/2 

x/3(V,5,ft)e 
£ - V(x') 



E-V(x')J E-V(x' 

Wn 3 / 2 f3(V,B,a)S(n) 
U)nV0(V,B,Sl)S((l) | 1+2cn l/2 e B-V(^) 



X 



- [12-v/n + 1 + l(Vntf(fl)] ^ • 



Now assume that f2 is a bounded strictly convex (in the strong sense) 
open domain of M n with C 2 boundary. Let xn be a C 2 defining function for 
Q, i.e. n = XnW - oo, 0[) and <9fi = ^({O}) and for all iGffl Vxn(x) ^ 
and the Hessian matrix Hessxn(x) of at re is a symmetric positive definite 
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matrix. For E > c 2 + sup x . gQ V(x), we define the real constant C 8 (E, V,B, 
Si) by 

Ci = £?„(«) i'i-C i_\')_^Mv.B,a) t (615) 

\^ - sup yen y £7 - sup yen V (y) 

where Cg($7) and Cio(O) are the two positive real numbers defined by 

C 9 (fi) = sup |Vxn(a:)|, (6.16) 
Cio(fi) = inf |#essx^)(^)l- (6-17) 

Note that from it follows that 

suPaen CaC^, JC, V", -B, ft) -> 0, as £ -> +oo, 
C 6 (E, V, B, n) -> 1 > 0, as £ -»• +oo, 
C 7 (£, 7, 5, Q) -> c> 0, as E -> +oo, 
C 8 (£, V", 5, fi) -> Cio(fi) > 0, as £ -> +oo. 



(6.18) 



When Q is strictly convex in the strong sense with C 2 boundary, then 
one can relate an upper bound for the real constant £>(||V r ||c« I n, Il-Bllc 1 ,^, ^) 
(mentioned in Subsection 2.1) with constants Ci, C2, sup^^C^, Cq, C7 and 
C$ (see Subsections 6.4 and 6.5). 

Remark 6.1. We remind that V is a C 1 continuation of V on IR n and 
that B E C 1 (R n ,A n (R)) is such that B = B on L>. Note that from flBTHjl - 
<Km> it follows that d(V,B,D), C 2 (V,B,D), sup xeD C 3 (E, x, V, B, D), 
C 6 {E,V,B,D), C 7 {E,V,B,D) and C 8 (E, V, B, D) depend only on (V,B) 
and D. 

6.4 Properties of the first component of the flow of (16.21) at fixed and suffi- 
ciently large energy E. The following Proposition 6.1 gives an upper bound 
for living time for solutions of (16. 2p with energy E when E is sufficiently 
large. 

Proposition 6.1. Let 

E>Ci(V,B,Si), (6.19) 

where C\ is defined by (16.81) . Let x :]t_,t + [— > Q be a solution of (16.21) with 
energy E, where t± G lU {±00}. JTien i/ie following statement holds: 
are finite and they satisfy the following estimate 

|*+-t_|< — — , (6.20) 
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where 5 (Si) is defined by f l6.ll) . 

A proof of Proposition 6.1 is given in Subsection 6.6. 

For E > d(V,B,Si) (Ci is defined by (EE])) and for (x,p) G V E , we 
define the real numbers t +)X ^ p and t-,x,p by 

t +tXjP = sup{t > | (t,x,p) G A}, (6.21) 
t_^ p = inf{t < | (t,x,p) G A}. (6.22) 

The following Proposition 6.2 gives, in particular, a one-to-one property 
of the map <^e defined by (16. 4p . 

Proposition 6.2. Let 

E > max(C 1 (\/, B, Si), C 2 (V, B, Si)), (6.23) 

where constants C\ and C 2 are defined by (16.81) and (16. 9p . Let x G SI and let 
Pi,P2 G S™^ 1 (defined by (15.51) ). Then the following estimate is valid: 

\\ipi(ti,x,px) - ipx(t 2 ,x,p 2 )\ - \tivx - t 2 v 2 \ \ < C 3 \tiVx - t 2 v 2 \, (6.24) 

for (ti, t 2 ) G [0,t +tXtPl [x[0,t +:X:P2 [, where v { = , Pi , i = 1,2, and where 

C 3 = c r 3 (^ j Xj t/, 5, fi) is defined by flOOD . 

A proof of Proposition 6.2 is given in Subsection 6.7. We remind that 

supC 3 (E,x,V,B,Sl) ^0, as £ -> +00 (see (JHUHD). (6.25) 

Taking account of (16.251) and the equality ?/>i(0,a;,p) = x for any (x,p) G Ve 
and taking account of Proposition 6.2, we obtain that at fixed and sufficiently 
large energy E the map ^>e defined by (16 .4p is one-to-one and its range is 
included in (SI x f2)\{(x, x) \ x G Si}. 

The following Proposition 6.3 is proved in Subsection 6.8. 

Proposition 6.3. Assume that 

E > d( V,B,n), 

E > c 2 7 1 + ^WffM CE + snpxen v{x), (6.26) 
min(C 6 (£, V, B, SI), C 7 (E, V, B, SI)) > 0, 

where C\, C 6 and Cj are defined by (16. 8p . (16.131) and (16.141) . Then the map 
ifE defined by (16.41) is a local C 1 diffeomorphism at any point (t,x,p) G 
An(]0,+oo[xV B ). 
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Now assume that SI is a bounded strictly convex (in the strong sense) 
open domain of R n with C 2 boundary. Let xn be a C 2 defining function for Si. 
For E > c 2 + sup^gfj V(x), real constant C%(E, V, B, ST) is defined by ( 16. 1 5 f) 
with respect to xn- 

The following Proposition 6.4 gives a surjectivity property of the map 
ifE defined by (16 .4p at fixed and sufficiently large energy E. 

Proposition 6.4. Let 

E > d( V,B,n), 

E > c 2 ^ 1 + + SUPxen v {x)) (6.27) 

min(C 6 (£, V, B, Sl),C 7 (E, V, B, SI), C 8 (E, V, B, SI)) > 0. 

where C u C 6 , C 7 and C 8 are defined by iQj) . (16TT31) . (041 and (lOBD . 

T/ien (fi x f2)\{(x, x) | x G f2} is included in the range of the map <Pe 
defined by (16.41) . 

A proof of Proposition 6.4 is given in Subsection 6.9. 

Taking account of Propositions 6.2, 6.3, 6.4, we obtain, in particular, 
that at fixed and sufficiently large energy E the map <pe defined by (16.41) is 
a C 1 diffeomorphism from An (]0, +oo[x Ve) onto (SI x $7)\{(x, x) \ x G SI}. 

Now we are ready to prove Properties 2.1 and 2.2. 

6.5 Final part of the proof of Properties (2.1) and (2.2). Let xd be a C 2 
defining function for D, i.e. xd G C 2 (lR n ,M) and D = x'd'O ~ °°)0[), an d 
dD = Xd ({0})) an d for all x G 3D Vxd(x) ^ and the Hessian matrix 
Hessxo(x) of xd at x is a symmetric definite positive matrix. 

Let Xq G D. For e > 0, we define the open neighborhood Sl £ of D by 
Si e — { x o + (1 + e)(x' — Xq) I x' G D}. Then Sl £ is also a bounded strictly 
convex in the strong sense open domain of W l with C 2 boundary and the 
map X n s G C 2 (M",M) defined by X nM = Xd(x + ), x G W 1 , is a C 2 
defining function for Sl £ . In addition, note that 



xedSl £ ^x + ^e dD, 

VxpJx) = (1 + b) Ji Vxd(xo + ), x G E", 

Hess X n s (x) = (1 + £)- 2 ^essxz)(xo + ), x G M™, 

sup^n. (inf{|x - y\ \ y G £>}) = esup{|x - x | | x G D} — > 0. 

Note also that n e2 C Q £1 if < e-i < E\. 
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Let E > c 2 + swp X £ D V(x). Assume that 
E > max(C 1 (V r , B, D), C 2 (V, B, D)), 

sup xea C 3 (E,x,V,B,D)<l, (6.29) 
min(C 6 (£, V, B, D), C 7 {E, V, B, D), C S (E, V, B, D)) > 0, 

where C 1} C 2 , C 3 , C 6 , C 7 and C 8 are defined by (Q, (EH), ffBTTU]) . (|513|) . 
(16.14p and (16.151) (taking account of (16.181) . we obtain that if E is sufficiently 
large, then (16.291) is satisfied). 

Let s > 0. We denote by A e the open subset of M x fi e x 1" defined 
by A £ = {(t,x,p) 6 K x O x f " | Vs G [0,i] ij) x {a,x,p) G Vt £ }, and we 
denote by Ve,s the following smooth 2n — 1-dimensional submanifold of M 2n 
Ve, £ = {{x,p) e E x 1" |p| = ry B (x)}. From (16. 28ft and continuity of <9"7 
and ^'S for a, a' G (N U {0}) n , |a| < 2, |a'| < 1, and from (l6~%D- (l6~ToT) . it 
follows that 

d(y, B, Q e ) -> C;(V, B, D), as e -> + , for i = 1, 2, 

sup C 3 (£, x, V, B, Vt £ ) -> sup C 3 (£, ac, 7, £, D), as £ -> + , 

Ci(E, V, B, Vl £ ) -> Ci(£7, 7, S, D), as £ -> + , for i = 6, 7, 8. 

Taking also account of (16.291) and Propositions 6.2, 6.3, 6.4, we obtain that 
there exists e > such that 

<p% : A £ n (]0, +oo[xV Si£ ) -> fi £ x tt £ , (t,x,p) i (x, ipi(t,x,p)), is a 
C 1 diffeomorphism from A e fl (]0, +oo[xV£ ie ) onto (fl e x fi e )\{(ar, a;) | 
s G fi e } for any £ g]0, £q[. 

(6.30) 

Let q ,q E D, q ^ q. Let E\ G]0,£ [- From (I6.30p . it follows that there 
exists an unique p ei G ^q~ E and an unique positive real number t £l such 
that q = i/;i(t ei ,qo,p ei ) and (t ei ,qo,p El ) G A £l . Consider the function m G 
C 2 (1R, E), defined by m(£) = xoijpiii, ?o,Pei)), £ G K. Derivating twice m, we 
obtain 

m(*) = HessxD(ipi(t 1 q ,Pe 1 ))(g(*p2(t,qo,Pe 1 )),g(ip2(t } qo,Ps 1 ))) (6.31) 

+ 11 + - 2 I Vxd(W,?o,P £1 )) o F(V>i(t,?o, p 61 ), 

/,/. n\ ^2(t,qo,p £l )°F(tlj 1 (t,q ,p £l ),g(ilj 2 (t,q ,p £l ))) 
g(Mt,Qo,p ei ))) ; — — ays 



xVxz?(^i(t,go,P £l )) o ip 2 {t,q ,p Sl ] 
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for t el, where g is the function defined by (15.61) and o denotes the usual 
scalar product on E n (we used (15.1 1) ). In addition, note that using the fact 
that xd is a C 2 defining function of D, we obtain that for t el 

il>i(t,qo,p ei ) e D & m(t) < 0, 
M t ,%,Pe 1 ) e OD^mit) = 0. 

Assume that there exists some s e]0,t ei [such that if)i(s, qo,p E1 ) & D (i.e. 
m(s) > 0). Let s = sup{s' G [0, s] \ tpi(s',x,p £l ) G D}. Hence 

4>i(s ,q ,p £l ) G dD, (i.e. m(s ) = 0), (6.32) 
m(t) < 0, for t G [0,s ]. (6.33) 

From (I6.32p . (I6.3ip . (I5.2p . and the estimates (16.61) . \g(tp 2 (t, <loiPei))\ < c , an d 
definition fRHol) . it follows that m(s ) > c 2 C 8 (E, V, B,D) > (we used 
( I6.29p ). From (16.33}) and from the estimate m(so) > and Taylor expansion 
of m at s (m(t) = m(s )(t — s ) + |m(s )(t — s ) 2 + o((t — s ) 2 ), t G M) it 
follows that m(so) > 0. Using also the equality m(s ) = 0, we obtain that 
there exists e' > such that Sq + e' < t £l and m(so + e') > which implies 
that ipi(s + e', qo,p £1 ) G" D. Then, due to sup 2gCe inf { 1 2; — z'\ \ z' G D} — > 
as e — > 0, there exists £2 g]0, £i[ such that ^i(so +e', qo,p Sl ) ^ ^e 2 an d using 
also ( 16.301) . we obtain that there exists (p £2 ,t £2 ) G §™~£x]0,+oo[ such that 
(P £2 A 2 ) ^ (p ei ,t ei ) and (t £2 ,q ,p £2 ) G A £2 and g = ipi(t £2 ,q ,Pe 2 ), which 
contradicts unicity of (p £l ,t £l ). 
We finally proved that 

^i( s ,Qo,P £1 ) e £> for all s e}0,t £l [. (6.34) 

Now consider 

t 2 = sup{t G]0, +oo[ I i[>i(s, qo,p £l ) G -D for all s G]0, t]}, (6.35) 

£i = inf{t G E I t/)i(s,q ,p ei ) G £> for all s G [t,t ei [} (6.36) 

(using Proposition 6.1 and (16.291) . we obtain that t 2 and t\ are real numbers 
that satisfy t 2 - h < ^). Then for i = 1,2, from flQTj) . Q, (05]) 
and it follows that m{U) > c 2 C 8 {E,V,B,D) > . For all t e]t 1 ,t 2 [, 

ipi(t,qo,p) G D. Hence m(t) < 0, t E]ti,t 2 [. This latter estimate and the 
estimate m(ti) > and Taylor expansion of m at ti (m(t) = rh(ti)(t — ti) + 
\m{ti){t - U) 2 + o((t- U) 2 ), t G R) for i = 1, 2, imply that m(t 2 ) > and 
m{ti) < 0, i.e. 

^(t,g ,p £l ) Ml oiV(t 1 )<0, 

fH^o,p £l ) M2 °iV(t 2 )>0, 1 } 
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where NtiA = Z^^ajj f = 1 2 . 

v x(^ (*-qo»Pn)) 

Statement (RT33|) with (IQTj) and (RT30j) (with "e = £1") proves ([21]) and 
(Q. □ 

6.6 Proof of Proposition 6.1. We denote , = by pit) for t g]£_,£+[. 



Let /(£) = ||x(t)| 2 , for t e]i_,i + [. Derivating twice J and using (16.21) . 
we obtain 



P(t_l_ , 1 

p(t)a 



m = TW + 7r^ F r ) '7i7W |ox(t) (6 ^ 



,■2 



for £ E]t_,t + [, where o denotes the usual scalar product in IR n . From the 
estimate J p ^ < c, t e]t_,t + [, and from (I6.38H and ( 15.2ft . it follows that 



/(«) > c 2 (l -rfxy) -2^'^% Sr *<™»\ for , e]t _,, +[ , 

which with (16.191) implies 

J(t) > (6.39) 

for t e]t-,t + [. 

Let £,s e]t_,t+[, s < t. From (l6~39l and the equality I(t) = I(s) + 
I(s)(t — s) + f J I(a)dadr, it follows that 

I(t) - I(s) > i(s)(t -s) + °-{t - s) 2 . (6.40) 

Using (16. ip and the estimate \x(s)\ < c, we obtain J(s) = x(s) o x(s) > 
-\x(s)\\x{s)\ > -cS(Q). Using (iOl . we obtain I(t) - J(s) = |(|x(t)| 2 - 
|^(s)| 2 ) < <5(fi) 2 . From (16.401) and the two latter inequalities, it follows that 
> -5(n) 2 - cS(Q)(t - s) + £(t - s) 2 , which implies that t-s< ^(2^2 + 
2) < MM (the roots of -5{Q) 2 - c5{Q)X + ^-X 2 are [5{Q)/c){2 ± 2^2)). 
As i — > t + and s — > i_, the latter inequality proves (16.201) . Proposition 6.1 is 
proved. □ 

6.7 Proof of Proposition 6.2. Throughout this Subsection, we denote by 
lx, Pi (t) the point of W 1 defined by 

Jx, Pi (t) = 1pl(t,X,Pi), 
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for any t G M and i = 1,2, where ip = (1^1,1^2) is the flow of the differential 
system (15. ip . 

From ( 15. ip . it follows that 



lx, P M = X + tVi + J Q \9(Pi + J o F i.lx )Pt {r)^ix, P X T )) dT ) 

-g( Pi ))da (6.41) 

for t G [0, t+,a;,pj and i = 1, 2, where t+^j* is defined by (16.211) for i = 1, 2. 
From (IQll . it follows that 

|tiVi-t 2 V2|-A(ti,t 2 ) < \i x , Pl (ti)-lx, P2 (h)\ < |tiVi-*2V2|+A(ti,t 2 ) (6.42) 

where 



A(ti,t 2 ) 



y 1 (<7(Pi + y ^^(r),^^))^) - <?(pi)) da (6.43) 



>2 



#(p 2 + / F(j XiP2 (T),j X;P2 (T))dT) - g(p 2 ) da 



for ti G [0, t +(XjPl [ and t 2 G [0, t+^J. We shall look for an upper bound of 
A(ti,t 2 ), h G [0,t +>x>pi [ and t 2 G [0,t+, a . |Pa [, t 2 < h. 
First case: v\ov 2 < 0. Using ( 15.81) . we obtain that 



JO 



U 

sup [ 1 + c~ 

e£[0,l] 



g(pi+ I F('j XtP .(T),% iPi (T))dT) - g(p,)jda 

2\ -V2 



(6.44) 



Pi + e I F(j X j H {a),%^ Pi (8))d8 
o 

x / \Fhx, Pl ( s )^x, Pl (s))\ d sda, 



for i = 1,2. From (16. 6p and (16.201) and from the estimate \g{jp 2 (s, x,pi))\ < c, 
it follows that 



\F(-f x , Pt (s),%, P Xs))\ds < 



10n5(Q)p(V,B,Q) 



(6.45) 



for a G [0,U], i = 1,2. Using Pi G S™^ and (l6~45l) and fl6~23l) . we obtain 



Pi + e F{jx, Pi (s),%, Pi (s))ds 



(6.46) 
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for e G [0, 1] and a G [0,**]. From (ET35]1 . flOol) and fICTD . it follows that 



< t 



g(pi + / F(-f X:P Xs),% P Xs))ds) - g(pi) da 



20n 3 / 2 c5(n)(3(V } B } n) 
E - V(x) 



(6.47) 



for i = 1, 2. Using v i o ti 2 < 0, we obtain that \vi\si < |siUi — s 2 t> 2 | for i = 1,2 
and for si > 0, s 2 > 0. Using this latter inequality and (I6.43j) and (I6.47P and 



equality \vi\ = c\ 1 — 



E-V(x) 



we obtain 



A(t u t 2 ) < 40c- 1 n 3/2 5(fi)/5(U,5,fi)r^(x)~ 1 |tit;i -t 2 v 2 \. 

Second case: v i o t> 2 > 0. 
From |lI3]), it follows that 



A(ti,t 2 ) < A 1 (t 1 ,t 2 ) + A 2 (t 1 ,t 2 ) 



where 

Ai(ti,t 2 ) 
A 2 (t l5 t 2 ) 



g(Pi + / ^(7x, P1 (r),7x, Pl (^))^) - g(pi) da 



(6.48) 



(6.49) 



g(pi+ I i r (7 a . iP1 (r),7 a . j p 1 (r))dr) - g(pi)da (6.50) 
o 



- (p(P2+ / ^(7x, P2 (r),7x, P2 (r))rfr) - #(p 2 ) 



da 



yln upper bound for A 1 (t 1 ,t 2 ). Using (I6.49P and (15.81) . we obtain that 
Ai(ti,tjj) < Vn^-ta) / |F(7x, Pl (s),7x, Pl (s))|rfs (6.51) 

2\ -V2 



x sup [ 1 + c 

ee[o,i] 

<re[0,tx] 



pi + e / F( 7 ( S ))da 







In the same manner than in the first case {y\ o t> 2 < 0), we obtain 

20n 3 / 2 c5{Q)(3{V, B, O) 



E - V(x) 



(6.52) 



35 



Note that from |i>i| = \v 2 \ and t« > 0,i = 1,2, it follows that |i>i|(ti — t 2 ) — 
\t1V1 — t 2 v 2 \. Using this latter inequality with (I6.52p . we obtain 

Ai(ti,t 2 ) < ^ ; 7 ' ' ' {tw-hvil (6.53) 



(we use the equality \vi\ = c^j 1 — y 

An upper bound for A 2 (ti, t 2 ). Note that 9j(Pi~\~ §q ^ \'~)x,p i ij'\ "ix,pi (r))dr) 

-9j(Pi) = li^9j{Pi + £ / aF (^( r )'^ft( r )) rfr ) /o aF (^.ft( s )'^( s )) rfs 
de for i = 1,2 and j = l..n, where g = (gi, . . . , g> n ). Hence 



&i(tuh)< A 2>1>j (a)da + A 2j2>j (a)da, 
Jo Jo 

where A 2 (t 1) £ 2 ) = (A£(t ls t 2 ), . . . , A 2 l (t 1 ,t 2 )) and 



A 2,l,j(^) 







(6.54) 



V&-(pi + £ / F(7 x>pi (r),7 x>pi (r))rfr) - V<fe (6.55) 
o / F( 7 

a;,pi ( s )' lfx,pi (s))dsde\ , 

./o 

^9j(P2 + e I i 71 (7x, P2 (r),7x, P2 (r))rfr)o (6.56) 







(p 2 + e / F(lx, P2 (r),% !P2 (T))dr) 
Jo 

e,pi( s ); 7x,pi(s)) F{lx,p 2 { s )i ix,p 2 ( s ))] dsde 



for a G [0, i 2 ] and j = 1 . . . n. 

We first look for an upper bound for A 2) ij(o"). Since v 1 o v 2 > 0, we 
obtain p\o p 2 > 0. Using this latter inequality and the equality p\ — p 2 , we 
obtain that 



\fipi + (1 - /i)p 2 | = \h?v\ + (1 - a0 2 p1 + 2//(l - ^)p\op 2 



> \Jli 2 p\ + (l-fi) 2 p 2 2 > -j=\Pi\ 

for any /1 G [0, 1]. 

From (E33) and (16371) and (EZHj) , it follows that 



v/2 



(6.57) 



jtpi + (1 - /x)p 2 + Ate / F(7 rriPl (r),7 :ri p 1 (r))rfr + (1 - y)e 



x / i71 (7x, P2 (r),7 :c ,p 2 (r))o?r 



> + (1 -/i)pa| 



1 

2V2' 



10rwf(fi)/?(y, s, fi) 



(6.58) 
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for /j,, e £ [0, 1]. From (15.1 1) , it follows that 

7^0) =^fe+ / F(-f X:Pi (T)n x ^(r))dT) 
Jo 

for cr £ [0, ti], i — 1, 2. Using this latter equality and (15.81) . we obtain 

\ix, P M) - ix, P2 {.°)\ < 



(6.59) 



n sup I 1 + c 2 |/i£»i + (1 - /i)p 2 + / -F(7z,pi(7),7z,pi( r ))dT 
Ate[o,i] V ./o 

+ (!-^) y ^(7x^(1"), 7x,p 2 (T))c?r| 2 J 

x|Pi - Pa + / {F{j XjP1 {t),% >p1 {t)) - F(j x>P2 (T),% tP2 {T)))dT\ 
Jo 

for cr £ [0,t 2 ]. 

Note that from (16.71) and the inequality |7r,p 2 ( r )l < c i it follows that 



(t)) - F( 7 (r))| < 

(r)\); 



(6.60) 



for r £ [0,* a ]. 

Using (163H|) - (1630|) . we obtain 



£ - V(x) 



\ Pl -p 2 \+nP(V,B,Q) (6.61) 



1 



/ \lx, Pl {r) - lx,p 2 {r)\dr + - \ix, Pl { T ) ~ 7x,p 2 (r)|rfr 
Jo c Jo 

for a £ [0,t 2 ]. 

We shall use the following Gronwall's lemma. 

Gronwall's lemma. Let a > and let <fi £ C([0,a], [0, +°°P ^ e a con ~ 
tinuous map and let A,B £ [0, +oo[ &e snc/i i/iai 0(t) < A + B J Q <p(s)ds for 
all t £ [0, a}. Then <j>(t) < Ae Bt for all t £ [0, a]. 

Taking account of (I6.6ip . Gronwall's lemma and (16.201) . we obtain that 



|7z,pi0) I ^ 



2 3 / 2 y^c 2 



|pi -P2I + 2n / 5(V,^,0) (6.62) 

iov1?^(n)n 3 / 2 g(v ,a ,0) 



£-U(a; 

( r ) -7x, P2 (^)Mr 
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for a G [0,t 2 ]. 

From f)5.9p and (16.551) . it follows that 



A 2,l,» < 

3v^ 



[ sup (l + —iip 1 + (l-ii)p 2 + iie[ F(j x 
Jo tiefo.i] V c Jo 



(6.63) 



JO 

(r)))dr\ 

Jo 

x / 1^(7^(5), 7*, P iO))|ds(fe, 



for a G [0,t 2 ]. 

From (16. 6p and the estimate |7a;,pi(s)| < c, it follows that 



\F( lx>pi (s),% )Pl (s))\ds < 2nP(V,B,Q)a. 



(6.64) 



for a G [0,ti]. 

From (ESHD, (1638|) . (ESI) and (ESQ]) and (I6T621) . it follows that 
A 2 ,i» < 48 ^ 2c ^^) (^_ P2 | ff + n/3(y,B i n) < 7 (6.65) 
\l x>Pl (T) - l x , P2 (r)\dT + t' 2 ^, (bi " P 2 |a + 2n/?(V, 5, fi) 



E — V(x 

°~ \ io%/2.5(n)n 3 / 2 /3(v r ,a,n) 

|7x, Pl (r) - 7x, P2 (T)|rfrrfs x e 




Jo 



for a G [0,t 2 ]. 

From \v\\ = |t> 2 | and t 2 < t±, it follows that \vi — u 2 |cr < |ui — w 2 |t 2 < 
l^i^i — ^2^2 1, for a G [0, t 2 ]. Note that using these latter estimates and Pi G 
S™"^ 1 , i = 1, 2, we obtain 



JTj — V(x) 
\Pl ~ P2W < ~ 2 |tlt>l - t 2 f 2 |, 



(6.66) 



for a G [0,t 2 ]. 
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Using (|6.66p, the estimate J Q S |7 XjPl (r) -7 a . iP2 (r)|rfrrfs < cr Jjj 7 \j x , Pl (r) 



~1x,p 2 ( T )\dT and a < (due to (16.201) ) and (16.651) . we obtain 

, . / 10v / 2n 3 / 2 5(fi)/5(\/, J B,fi) io^(n)~ 3 ./ 2 /»(v,a,n) ' 

A 2 ,i,» < 1 + — \-;;\ } e --vw 

y — l/(x) 

^ ^7 ; - l^i - hv*\ (6.67) 

£/ — V[X) 

(E-V(x)) 2 Jo 
for a G [0,t 2 ]. 

We look for an upper bound for A 2i2j (cr), a G [0,t 2 ], defined by (16.561) . 
Using (16361) . (EZD, and (|6\46j) . and using (1CT1) . (I6i)2j) and (16T661) . we obtain 

/ / l0V2n 3 / 2 5(Q)3(V,B,Q) loV^h^mAM ' 

A 2 , 2 » < 1 + — ' ~ /f \ ™ 

y E — V[x) 

x — - — - / 17**1 (t) -7x lP2 (r)|dr (6.68) 

£ - U (x) Jo 

£/ — K [x) 

for (T G [0,t 2 ]- 

Note also that from (16.421) . it follows that f Q a \ r y x ,pi( T )~ 7s,p 2 ( r )M r — Jo A 



(r, r)d,T+^r\vi— v 2 \, for cr G [0, t 2 ]. Hence using also cr < — ^ (due to (16.20D ) 
and a\v\ — v 2 \ < |tii>i — t 2 t> 2 |, we obtain 

b x , P1 (r)-lx, P2 (r)\dr < J A(r,r)dr + ^^-\t lVl - t 2 v 2 \, (6.69) 

for a G [0,t 2 ]. Note that t 2 < 5<5 ^ and note that from positiveness of A 
it follows that f Q t2 j° A(r, r)drda < t% J <2 A(r, t)g?t. Hence using (16. 69ft . we 
obtain 

(6.70) 
for cr G [0,t 2 ]. 

Combining (E3HD, (16T531) . (16371) . (l6i)8D and (IBTTDjl . we obtain 

A(ti, t 2 ) < C 4 (i?, x, U, B, $V)\tiVi — t 2 v 2 \ + cC 5 (E, x, V, B, il) [ A(r,r)dr, 

Jo 

(6.71) 



\lx, P A T )-lx,p 2 {r)\drda < — : — / A(r,r)cirH — — \tiVi-t 2 v 2 \, 
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for ti G [0, t +iXiPl [ and t 2 G [0, t +jXjP2 [, t\ > t 2 and where C 4 and C 5 are 
denned by (IOTP and fl6~T2l - 

Let t\ G [0, t +! x tPl [ and t 2 G [0, t +!XsP2 [, ti > t 2 . Estimates (16 . 71 f) and 
\vi — v 2 \a < \t\V\ — t 2 v 2 \, a < t 2 , give in particular 

A(ct,ct) < Cilhvi -t 2 v 2 \ +cC 5 [ A(t,t)oIt (6.72) 

Jo 

for a G [0, £2]- Using (16.721) and using Gronwall's lemma (formulated above) 
and a < we obtain 

— c ' 

A(a,a) < de^^lhvx-hvzl (6.73) 

for a G [0,t 2 ]. 

Using (Km and fl6~7Tl) and £ 2 < ^p, we obtain A(ti, t 2 ) < C 3 {E, x, V, 
S,0)|tiUi -t 2 f 2 |, for ti G [0,t +!X>Pl [ and t 2 G [0, t +jXjP2 [, h > t 2 . 

Proposition 6.2 is proved. □ 

6.8 Proof of Proposition 6.3. We shall work in coordinates. We consider the 
following infinitely smooth parametrizations of S n_1 , <pi t ± : -B n _i(0, 1) — > 
S n-1 , i = 1 . . . n, defined by 

&,±H = (6.74) 
f iw 1 , . . . , w'" 1 , ±-y/l — Xir^i 1 u,i2 ' ■ ■ ■ > "y^" -1 ^ ) if 1 < i < n — 1, 



1 = n 



for u> = (iw 1 , . . . , w n *) G _B n _i(0, 1) and where i?„_i(0, 1) denotes the unit 
Euclidean open ball of R n_1 of center 0. 

Let (t ,x ,p ) G An(]0,+oo[xVij),po = (pj, • • • ,Po)- Then (*>z ,Po) e A 
for all t G [0,t ]- As A is an open subset of R x R n x R n , there exists e > such 
that {(£,£,£>) G R x R™ x R n | -e < t < t +e, max(|x-x |, \p-po\) < e} C A. 
We denote by B(xq, e) the Euclidean open ball of R n of center x and radius e. 
Let (£/, 0) be an infinitely smooth parametrization of an open neighborhood 

of in S n_1 , and k = 1 . . . n such that 

bo I ' 

U is an open subset of _B n _i(0, 1), (6.75) 
\p k \>n-V 2 \p \, (6.76) 
if ±Pq > then <j>(w) = (j>k,±( w ) for a11 w E U, (6.77) 
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(t, x, ry E {x)(j){w)) G A, for (w,t,x) G Ux] — e, t Q + e[xB(x , e). (6.78) 
Consider Q G C l {\ — e, t + £[x5(i , e) x U, Q) defined by 

Q(t, x, w) = ipi(t, x, r y E (x)(f)(w)), (t, x, w) e] — e, t + e[xB(x , e) x U, 

(6.79) 

where ip = (ipi,ip2) is the flow of the differential system (15. lft . Let wo G U be 
such that (f>(w ) = ^ . We shall prove that (f^(to, #o, Wo), J^"(*o, £o, ^o), • • • , 
Q^r(t ,x ,w )) is a basis of IR n . 

Note that from ( 16.21) . it follows that 

Q(t,x,w) =x + tg(r VE (x)(f>(w))+ [g (r v E (x)<p(w) (6.80) 

Jo 

+ y ^(<5(s, x, w), -^{ s , x , w))ds \ - g(r v>E {x)(f)(w))] da, 

for w G U and (t, x) G] — e, t + e[xB(i , e) (where g», r^> E and F are defined 
by (EBD, (El and (E3D). 

We shall prove (KT52) . 

Using (I6.80p we obtain 



—(t,x,w) = g{r VE {x)4>(w)) + [g (r VE (x)(f)(w) 



(6.81) 



-r / F(Q(s,x,w), — {s,x,w))ds ) - g{r V E (x)<f)(w)) 



for w £ U and (t, a;) g] - e, to + £[x£(x , e). Combining (IBTBH . ([6~2BD . (Oil . 
. esti 



(16.61) and estimates \^Q(t,x,w)\ < c, t < it follows that 



(t,x,w) -^(rv B (x)0(w)) 



< 4n 3 / 2 c 2 /5(U, J B,Q) 



(6.82) 



for w € U and (t, x) G [0, t + £[xB(s , e)- 

We shall prove (JEEJ. Let i = 1 . . .n — 1. Let X { G C(] - £,t 
e[xB(i ,e) x [/, M n ) be defined by 



dF jt , dQ 



dQi 



(x', x ' ^))k'=Q( s ,x,i«)^— (s, iu) (6.83) 
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for j = l...n, (s,x,w) e] — e, t + e[xB(x ,e) x U, and where Xj = 
(X/, . . . , X?) and Q eC 1 ()-e,t + e[xB(x , e) x C/, K) is defined by 

Q(s, x, to) = #(^ 2 (s, x, r VE (x)4>(w))) = — (s, x, to), (6.84) 



for (s, x, to ) e] — e, t + e[xB(x , e) x U. 
From ( 16.51) . and ( 15. 3p . it follows that 



[<T,X,W) 



+ c 



dQ 



dw' 



(a, x, w) 



(6.85) 



for (cr, x, to ) e] — £, t + e[xB(x , e) x U. 

We shall estimate Q. Note that from ( 16.21) . it follows that Qi(s,x,w) = 
9i(ry )E (x)(f)(w) + J Q S F(Q(a, x, r V E (x)(j)(w)), Q(a, x, ry E (x)(j)(w)))da), for (s, 
x,w) e] — £, t + e[xB(x ,e) x Z7 and I = 1 . . .n. From this latter equality 
and (16.831). it follows that 



dQi 



dw 1 



Us, x, w) = Vgi ( r v Jx)(j){w) + / F(Q(a, x, r VE (x)(f)(w)) 



for (s, x, to) e] — £, t + £:[x£>(x , e ) x U. Hence 



dQ 3 



la 



dw j( s > x ' w ) ~ r v,Ei. x ) W 9ii.r V E (x)<p(w)) o — ( w ) 



< 



(6.86) 



r vA x ) 



(r v>E {x)(f)(w) + F(Q(a,x, 



r VE (x)(f)(w)), 



Q(<7,x,r VjE {x)(j>(w)))d(T) - Vgj (r V E (x)(f)(w))) o — (w 



+ 



(jV^O^M + ^ F(Q(a, x, ry iS (x)0(w)), Q(<r, x, r V E {x) 
w)))da) o / Xj(a, x, io)dcr , 



for j = 1 . . . n and (s,x,w) e] — e, t + £[x_B(x ,£) x [/. We estimate the 
second term of the sum on the right-hand side of (16.861) by using (15.71) . 
( 16.61) . ( 16.261) and s < 5S ^' , and ( 16.851) . We estimate the first term of the 
sum on the right-hand side of ( 16.861) by using ( 15.91) and ( 16. 6f) , ( 16.261) and s < 
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5S(n) 



and the estimate J* F(Q(a, x, r v E (x)(p(w)), Q(a, x, r v E (x)<f)(w)))da < 



2n(3(V, B, Q)s, for (s, x, w) g] — e,t + e[xB(x , e) x U. We obtain 



dQ , v 



9w 



„2 



(w) 



< 2nV^c 3 f3{V, B, Q) (l2y/n + l) 



r V,£ , ( x ) 



£ - V(x 
x2^/n + c' 1 



<9g 



dw 



-(a,x,w) 



2c 2 f3(V,B,tt)n v ^ 
E-V(x) 

r V:E (x) d(j) 

E-V{x)\ dw i 



dQ 



dw { 



(cr,x,w) 



da 



[w, 



da 



for (s,x,w) G [0,t + e[xB(i 0l e) x U (note that ( g ~Y (a) j 

(v»Mi)^))ogH) j=1 j. 

From Gronwall's lemma (formulated in Subsection 6.7) and t +£ < 5<? ; 



it follows that 



dQ 



dw 1 



x 



K s,x,w) - 



r V,E\ X ) 



E-V(x)\ dw i 



W 



2c 2 n 3 / 2 3(V,B,Q) immmiM^Il n . 
< h \ ' ' ' e [6.87) 



c(l2Vn + l) 



r V,E\ X ) 

E - V(x) 



d<\> 



dw 



£ - 1/(x) 



<9g 



a, x, w) 



da 



for (s, x, w) G [0, t + e[xB(x , e) x U. 

From f)6.84p . it follows that Q(s, x,w) = x + Q(a, x, w)da, for (s, x, w 

G [0,t o + £[xB(x ,e) x U. Hence ^(s,x,w) = f° § Q(a,x w)da, for (s,x,w 
G [0, to + £[xB(x ,e) x ^- This latter equality and (I6.87P imply 



dQ, , r VtE (x) d(j> . 
{s,x,w) - . _ x - A w)s 



dw 



E-V(x)\ 8w 



< 2c 2 n^(3(V,B,Q) 



E - V(x) 



E-V(x) 



3/2 



r,> Ax) 



V E — F(x) 



<9g 



(cr, X, w) 



dadr 



for (s, x, w) G [0, t + e[xB(xq, e) x [/. 
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Note that 




dQ 



< 



o Jo 
55(Q) 



dw 



j{(T,X,w) 



dadr < s 



dQ 



dw 



j(a,x,w) 



dQ 



r v, E ( x ) dcj) 



Q w i l "? x i w ) O ( E-V{x)\ dw i 



Aw 



da (6.89) 
da 



5r VE (x)5(tt) 



E-V(x) 



dw i 



for (s, x, w) G [0, t + e[xB(x , e) x U (we used that t + e < ^). 
Let 



l(M(Si),d(r .B,S2)»- 



3/2 



C' 3 (E, x, V, B, Q) = 20cn 2 f3{V, B, Q)5{Q)e 



(6.90) 



10S(a)l3{V B,Q)n 3 / 2 

Ci{E, x, V, B, Q) = 2c 2 n 3/2 p(V,B,Q)e 



c(l2Vn + l) 



(6.91) 

ryJx) 10ry E (x)y/n5(n) 



E - V{x) 



C' 5 (E,x,V,B,tt) = C' 4 (E,x,V,B,tt)e . 



(6.92) 



for iGll. 

From (I6.88l) -( l6.92p and Gronwall's lemma (formulated in Subsection 6.7), 
it follows that 



dQ , s r vA x ) 
7 {s,x,w) - 



dw 



E-V(x) \ dw i 



[w)s 



< 



C' 5 (E,x,V,B,n) 
E - V(x) 



dw 1 



2 

(6.93) 

for (s, x, w) G [0, t + e[xB(x , e) x U. 

Now we assume without loss of generality that the integer k in (16.761) is 
n, and p% > 0. We remind that wo G U is defined by 0(u>o) = We shall 
prove (I6T991 . 

From (16.771) . it follows that 



dw 1 



Oo) 



W'n 



ei 



dw 1 



K) | < vTT 



n. 



(6.94) 
(6.95) 
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for I = 1 ... n — 1 and where (ei, . . . , e n ) is the canonical basis of M n and 
wq = (wq, . . . ,Wq~ x ) (for (16.951) . we used the estimate r^r > rr 1 ! 2 which 

implies that 1 — |wo| 2 > - and we used \w\\ < \w§\ < 1, I — 1 . . .n — 1 and 
we used (I6.94[) ) . In addition, using (16.941) . we obtain 



n-l 



^2VIT^(W0)\ > |(/il,...,/in-l)| 



1=1 



(6.96) 



on— 1 



for all (ji X , . . . ,/x n _i) G 

Using the fact that 0(w o ) G § n_1 is orthogonal to J^-(wq), i = 1 . . .n— 1, 
and using (I6.96p . we obtain 



n— 1 



«=1 



for all (/xi, . . . ,/x n ) G R n . 
Note that 



\ 



n-l 



+iE»«^(«*>i , *»- 1/, Em. 



i=i 



n-l 



Ai^(t ,s , w ) + ^ \i + i^j(t 0} x , w ) 



1=1 



> 



(6.97) 



(6.98) 



Ai#(ry >B (s o )0(wo)) + ~ ' T ~ r/ ; 777^0, s , u>o) 



-|A 



-(t , s , w ) - £?(?y E (x )(j)(wo)) 



n-l 

z=i 



<9Q, + , c 2 r^ |£ (x )t g0 

(t , ^o, w ) — ~- — -^—7 (t , s , wo) 



dw l 



E-V(x ) dw l 



for (Ai,...,A n ) er. 

We estimate the first term on the right-hand side of (16.981) by using (16. 97ft 



(note that g(ry E (x )(f)(w )) 



c 2 r v E (x ) 



4>(wq)). We estimate the second term 



E-V(x ) 

and third term on the right-hand side of (I6.98P by using (I6.82p and 
and (16.951) . Using also the estimate t < , we finally obtain 



n-l 



Ai^(t , s , w ) + ]P A '+if^( t o ; s , w ) 



1=1 



n-l 



1=1 



7_ 

n 

(6.99) 



for (Ai, . . . , A n ) G M n . This latter inequality and (16.261) and t > imply that 
the family ( 22 (t , s , w ), |J-(to, s , u> ) , • • • ,9^=1(^0, s , w )) is free. Then 
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using inverse function theorem, it follows that is a local C 1 diffeomorphism 
at (t ,x ,Po). 

Proposition 6.3 is proved. □ 

6.9 Proof of Proposition 6.4- Before proving Proposition 6.4, we shall first 
prove the following Lemma 6.1. 



(6.100) 



Lemma 6.1. Assume that 

E > d(v,B,n), 

C 8 (E,V,B,Q)>0, 

where C\ and C 8 are defined by fl6.8j) and (I6.15P . 
Let x E £1 and p G § x ~e- Then 

ip 2 (t +tX , p ,x,p) o N(ij;i(t +jX}P ,x,p)) > 0, (6.101) 

where t +tXtP is defined by (I6.2ip andip = {ipi,ip 2 ) is the flow of the differential 
system (15. ip . and where N(y) denotes the unit outward normal vector of 3D 
at y G 3D (o denotes the usual scalar product on W 1 ). 

Proof of Lemma 6.1. Consider the function m G C 2 (R, R) defined by 

m{t)=xa(Mt^,p)), teR, (6.102) 

where xn is a C 2 defining function for Q (see definition of C$, (I6.15P ). Derivat- 
ing twice ( 16.1021) and using (15. ip . we obtain 

rh(t) = Hessxn(^i(t,x,p))(g(ip 2 (t,x,p)),g(ip 2 (t,x,p))) (6.103) 



c 

fait, x,p) o F (-01 (t, x, p),g(ip 2 (t, x,p))) 



9(i>2(t,x,p))) 



x^Xa(^i(t,x,p))oip 2 (t,x,p), 



c 2 M _|_ \4>2(t,x,pW 



3/2 



for t G R and where g is the function defined by (15.61) . From 



conservation of energy and (16.61) and \g(ip 2 (t, x,p))\ < c, it follows that 
rh{t +)X)P ) > c 2 C 8 (E,V,B,tt) > (we used IjOTO ). 

For all t G [0, t +)X}P [, ipiit^x^p) G Q. Hence m(t) < 0, t G [0, t +iX>p [. This 
estimate and the estimate fh{t +/x ^) > and Taylor expansion of m at t +)XyP 
(m(t) = m(t +tX! p)(t - t +tX! p) + \m{t + ^ p ){t - t +jXiP ) 2 + o((t - t+, XtP ) 2 ), t G R) 
imply that m(t +tXtP ) > 0. 

Lemma 6.1 is proved. □ 
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Now we are ready to prove Proposition 6.4. 

Let x G Q. As n > 2, the set f2\{a;} is connected and we shall prove that 
the set 

A x = {y G | there exists p G S""^ 1 and t > such that (t,x,p) G A 

and ipi(t,x,p) = y} 

is a closed and open nonempty subset of (where ip = (1^1,1^2) is the 

differential flow of (15. ip ). Then we will have A x = Q\{x}, which will prove 
Proposition 6.4. 

Note that A x is nonempty since for p G S™^ 1 , (0,x,p) G A and ^-(t,x, 
p)\ t= o = g{p) 7^ 0. Hence there exists e > such that (e,x,p) G A and 
V>i(£,a;,p) ^ ^i(0, x, p) = x. 

Note also that A x is an open subset of f2\{a:}. Let y G A x . Then there 
exists p G *B x ~e and t > such that (t,x,p) G A and ipi(t, x iP) — V- From 
( 16.27ft and Proposition 6.3, it follows, in particular, that there exists an open 
neighborhood U C of y such that U C A^. 

It remains to prove that Ac is a closed subset of Consider a 

sequence of points of which converges to some y G as k — > 

+00. For each /c, there exists p*, G S™"^ 1 and > such that (t k ,x,p k ) G A 
and 

ipi{tk,x,p k ) = y k . (6.104) 

From Proposition 6.1, it follows that t k G [0, 5S ^ n ' ] for all k. Using compact- 
ness of [0, MM] anc l compactness of S™^ 1 , we can assume that (t k ) converges 
to some t G [0, MM] anc i (p fc ) converges to some p G S"^ 1 . Using ( 16. 104ft 
and continuity of ipi, we obtain 

y= lim y k = lim Vi(*k> z»Pfc) = *l>i(t, x,p). (6.105) 

fc— »+oo k — >+oo 

Note that t > since y ^ x. Let s G [0, i[. Then using that — > t as 
A; — * +00, we obtain that there exists a rank iV s such that s < t k for k > N s . 
Hence (s, x,p k ) G A for > N s and, in particular, ipi(s, x,p k ) G f2 for k > N s . 
Hence we obtain that 

ipi(s,x,p) = lim ipi(s, x,p k ) G d, forsG[0,t[. (6.106) 

k —++00 

Using Lemma 6.1 with (16. 105ft (y G Q) and (16.106ft . we obtain that 
(t,x,p) G An (]0, +oo[x{s} x S™^ 1 ) and ijj 1 (t,x,p) = y. Hence y G A,.. 

Proposition 6.4 is proved. □ 
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7 The nonrelativistic case 



7.1 Nonrelativistic Newton equation in electromagnetic field. Consider the 
classical nonrelativistic Newton equation in a static electromagnetic field in 
an open subset Q of W n , n > 2, 

x = -W(x) + B(x)x, (7.1) 

where x = x(t) is a C 1 function with values in f2, x = %, and V G C 2 (f2, R), 

.B G J~ magiSty ■ 

The equation (7.1) is an equation for x = x(t) and is the equation of 
motion in R n of a nonrelativistic particle of mass m = 1 and charge e = 1 in 
an external electromagnetic field described by V and B. In this equation x 
is the position of the particle, x is its velocity, t is the time. 

For the equation (7.1) the energy 

E= 1 -\x(t)\ 2 + V(x(t)) (7.2) 

is an integral of motion. 

7.2 Inverse boundary problem. Consider equation (7.1) under condition (11.31) . 

One can prove that at sufficiently large energy E (i.e. E > E nr {^V^c 2 t Di 
\\B\\ c i jD , D) > sup xg£ > V(x) where real constant £/ nr (||y||c2 £>, H-BH^i^, D) 
also has properties (12.31) and (11.71) ). the solutions x of energy E have proper- 
ties ( 12.11) and ( 12. 2ft (the proof is obtained by slight modifications of proofs of 
Section 6). Then at fixed energy E > iE7" r (111^11^2 ^, H-BHc^d, D), one can de- 
fine Sy tB (E, g , g), k™ VB (E } g , g), k'y B (E, g , g), as were defined s VtB (E, g , g), 
k 0jV> B{E,q ,q), k VjB (E, g , g), in Section 2 for any g ,g G D, q ^ q. Further 
one can consider the following nonrelativistic version of Problem 1 formulated 
in Introduction 

Problem 1' : given ky B (E, g , g), k^ VB (E, g , g) for all g , g G dD, 
go 7^ g, at fixed sufficiently large energy E, find V and B. 

The following uniqueness theorem holds 

Theorem 7.1. At fixed E > E nr (\\V\\ c *,D,\\ B \\c\D,D), the boundary 
data k v r B (E,q ,q), (go,g) G 3D x dD, g ^ g, uniquely determine V,B. 

At fixed E > _E" r (||y||(72 jD , D), the boundary data 

kQ T VB (E,q ,q), (go,g) G dD x dD, g ^ g, uniquely determine V,B. 

Theorem 7.1 is proved in Subsection 7.6. 

7.3 Inverse scattering problem. We consider equation (7.1) under condition 



48 



The following is valid (see, for example, [LT] where classical scatter- 
ing of particles in a long-range magnetic field is studied, and see [S] where 
classical scattering of particles in a short-range electric field is studied): for 
any (t>_,x_) 6 K" x 1", V- 7^ 0, the equation (7.1) has a unique solution 
x G C 2 (R,K") such that 

x(t) = v-t + £_ +y-(t), (7.3) 

where y_(£) — > 0, ?/-(£) — >• 0, as £ — > — oo; in addition for almost any 

£l"x M n , w_ ^ 0, 

x(£) = v + t + x + + y + (t), (7.4) 

where t>+ 7^ 0, v+ = a nr (t>_, x_), x+ = 6™"(t>_, x_), y+(£) — > 0, y+(t) — > 
0, as £ — > +00. 

For an energy £ > 0, the map S% : §£ r xl"^ §™ r x R n (where 
§^ r = {v G M n I \v I = V 7 ^}) given by the formulas 

v+ = a nr (v_, x-), x + = x_), (7.5) 

is called the scattering map at fixed energy E for the equation (7.1) under 
condition (jl.4j) . By V(S^ r ) we denote the domain of definition of . The 
data a nr (f_,x_), fe nr (t>_,x_) for (t>_,a;_) G V(S^ r ) are called the scattering 
data at fixed energy E for the equation (7.1) under condition (11.41) . We con- 
sider the following inverse scattering problem at fixed energy for the equation 
(7.1) under condition (11.41) : 

Problem 2' : given S^ r at fixed energy E, find V and B. 

From Theorem 7.1 and property (11.71) . we obtain 

Theorem 7.2. Let A G R + and let D be a bounded strictly convex (in the 
strong sense) open domain ofW 1 with C 2 boundary. Let Vi,V 2 G Co(M n ,M), 
Bi,B 2 G C^R n ,A n (R))nf mag (R n ) maxfllFiHo^, \\V 2 \\^,v, \\Bi\\c\d, \\B 2 
lie 1 ,!)) < A, and supp(Vi) U supp(T^) Usupp(£>i) U supp(I?2) Q D. Let S 1 ^ be 
the (nonrelativistic) scattering map at fixed energy E subordinate to {V^B^) 
for /x = 1,2. Then there exists a nonnegative real constant E nr (X,D) such 
that for any E > E nr (X, D), (V u B x ) = (V 2 , B 2 ) if and only if S l E = S%. 

7.4 Classical Hamiltonian mechanics. For x G D and for E > V(x), we define 

rfcix) = ^2{E-V{x)). 

Let A G T po t{T)i B). The equation (7.1) in D is the Euler-Lagrange equation 
for the Lagrangian L nr defined by L nr (x, x) = ^\x\ 2 + A(x)o± — V(x), x G M. n 
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and x G D, where o denotes the usual scalar product on IR n . The Hamiltonian 
H nr associated to the Lagrangian L nr by Legendre's transform (with respect 
to x) is H nr (P,x) = \\P- A(x)| 2 + V(x) where P G W 1 and x G D. Then 
equation (1.1) in D is equivalent to the Hamilton's equation 



• _ 8H nr I p \ 
X Qp yr, X ) , 

P=-^(P,X), 



9P Q H nr ( D ^ (7.6) 



for P Gl", x G D. 

For a solution x{t) of equation (7.1) in D, we define the impulse vector 

P nr (t) = x {t) + A(x(t)). 

Further for g , q e D, q ^ q, and t G [0, s nr (E, q , q)], we consider 

P nr (t, E, g , q) = x nr (t, E, q , q) + A(x nr (t, E, q , q)), (7.7) 

where x nr (., E, q , q) is the solution given by f)2.2p in the nonrelativistic case. 
From Maupertuis's principle (see [A]), it follows that if x(t), t G [t i , ^2] , is 
a solution of ( 17. ip in D with energy E, then x(t) is a critical point of the 
functional A(y) = f£ [r™ E (y(t))\y(t)\+ A(y(t)) o y(t)] dt defined on the set 
of the functions y G C 1 ([t 1 , t 2 ], D), with boundary conditions y{ti) = x(ti) 
and y{t2) = x{t2). Note that for q , q G D, q 7^ g, functional ^4 taken along 
the trajectory of the solution x nr (.,E,q ,q) given by ( 12.21) is equal to the 
reduced action <S^ AE (qo, q) from q to q at fixed energy E for (17.61) . where 



0, if g = q, 

jf r{E ' qM) P nr (s, E, g , g) o x nr (s, E, g , q)ds, if g ^ q, 

(7i 

for g , g G -D. 



7.5 Properties of the reduced action at a fixed and sufficiently large energy. 
The reduced action at fixed and sufficiently large energy for (17. 6p has the same 
properties that those given in Proposition 3.1, 3.2 for the reduced action at 
fixed and sufficiently large energy for the relativistic case. 

Let E > E nr (\\V\\ C 2,D, \\B\\ c i tD ,D). The reduced action S^ AE at fixed 



50 



energy E has the following properties: 

S^ E eC(DxD,R), (7.9) 

SZ, A , E eC 2 ((DxD)\G,R), (7.10) 
dS nr 

^ hA ' E iC,x) = k^(EX,x) + A l (x), (7.11) 



dsr 



dx l 

•nr 



(C, x) = -K% B {E, C, x) - A 4 (C), (7.12) 



= {E ^ X) = (7 - 13) 

for (C,x) G (D x L>)\<5, C = (Ci, --Xn), % = ~,x n ), and i,j = 1 . . . n. In 
addition, 

dS nr dS nr 
max(|-^(C,x)|, |-g^(C, aOD^M!, (7.14) 

C^J < 17 r, (7.15) 

for (C,x) e (D x D)\G, C = (Ci, -)Cn), z = (xi, ..,£„), and z, j = 1 . . .n, and 
where Mi and Mi depend on V, B and D. 

In addition, the map vv,b,e '■ 9D x D — > § n_1 , defined by 

ky R (E, C, x) 

= - | t r F ' ■ for (£*) e ^ >< A (7.16) 

has the following properties: 

the map : - S^ 1 , C ^ KWC, a:), is a (7.17) 

C 1 orientation preserving diffeomorphism from dD onto § rt_1 

for x G -D (where we choose the canonical orientation of §>™ _1 and the orien- 
tation of 3D given by the canonical orientation of 1R™ and the unit outward 
normal vector). 

Remark 7.1. Equalities (17.111) and (I7.12p are known formulas of classi- 
cal Hamiltonian mechanics (see Section 46 and further Sections of [A]). 

Remark 7.2. Taking account of (17.111) and (17.121) . we obtain the fol- 
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lowing formulas: at E > _E nr (||^/|| C 2 ji: ,, D), for any x, ( G D, x ^ (, 

r)h nr ' j f)h nr ' i 

Sy(x) = —^L(E,(,x) + -^(E,(,x), 
dk nr,j dk nr,i 



7.6 Proof of Theorem 7.1. We define the n — 1 differential form ooQ r y B on 
<9-D x D as was defined the n — 1 differential form co>o,v,b on x D in 
Subsection 3.3. 

Now let A G R + and T^Va G C 2 (D,R), B lt B 2 G F mag {D) such that 
max(||Vi||c2,£), ||7 2 ||c2,i>, ll-Billcri^, ll^llci,!)) < A. For /i = 1,2, let A M G 
Fpot{D, Bfj). 

Let > E nr (X, A, D) where E nr (X } A, D) is defined by the nonrelativistic 
formulation of (\1.7\i . Consider (3 nr ' 1 1 j3 nr ' 2 the differential one forms defined 
on {3D x D)\G by 

n 

(l^((,x) = J2kv T X(E,(,x)dx 3 , (7.18) 
i=i 

for (£, x) G (<9-D x D)\G, x — (xi, . . . , x„) and = 1, 2. 

Define the differential forms $Q r and $ nr as were defined $o and $ in 
Subsection 3.3 (replace ^, Sb^,* by /3" r ' M , » = ^ 2 )- 

Then Lemma 3.1 and Theorem 3.1 remain valid by replacing <3>0; 3>, r v^,£;, 
^o,^,b m and fcv MiBp by $£ r , $ nr , r^ B , and k^ B ^ and the proof of 

these results are obtained by slight modifications of proof of Lemma 3.1 and 
Theorem 3.1. 

Hence Theorem 7.1 follows from the nonrelativistic formulation of The- 
orem 3.1. □ 
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